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Abstract 

This paper is dedicated to provide theta function representation 
of algebro-geometric solutions and related crucial quantities for the 
modified Camassa-Holm (MCH) hierarchy through studying a algebro- 
geometric initial value problem. Our main tools include the polyno- 
mial recursive formalism to derive the MCH hierarchy, the hyperelliptic 
curve with finite number of genus, the Baker- Akhiezer functions, the 
meromorphic function, the Dubrovin-type equations for auxiliary divi- 
sors, and the associated trace formulas. With the help of these tools, 
the explicit representations of the Baker- Ahhiczer functions, the mero- 
morphic function, and the algebro-geometric solutions are obtained for 
the entire MCH hierarchy. 

1 Introduction 

Algebro-geometric solution, an important feature of integrable system, is 
a kind of explicit solutions closely related to the inverse spectral theory 
[TJ,[l],[6]-[8]. As a degenerated case of the algebro-geometric solution, the 
multi-soliton solution and periodic solution in elliptic function type may 
be obtained [4] , [5] , [21] . A systematic approach, proposed by Gesztesy and 
Holden to construct algebro-geometric solutions for integrable equations, has 
been extended to the whole (1+1) dimensional integrable hierarchy, such as 



'Corresponding author and e-mail address: faneg@fudan.edu.cn 



1 



the AKNS hierarchy, the Camassa-Holm (CH) hierarchy etc. [9]- [12]. Re- 
cently, we investigated the Gerdjikov-Ivanov hierarchy and the Degasperis- 
Procesi hierarchy and obtained their algebro-geometric solutions [15j,[16j. 
The CH equation 

ut - u xxt + 2ju x + 3uu x - 2u x u xx - uu xxx = (1.1) 

where 7 is a real constant, was derived from the two-dimensional Euler equa- 
tions in a search for integrable shallow water equations, with the u(x, t) is 
the fluid velocity in the x direction and 7 is a constant related to the critical 
shallow water wave speed [2J. The CH equation describes the propagation 
of two-dimensional shallow water waves over a flat bed, also the propagation 
of axially symmetric waves in hyperelastic rods [20j,[22 . The CH and the 
Degasperis-Procesi (DP) equations are only two integrable members with 
6 = 2 and 6 = 3 from the following family 

ut - u txx + jbu x + (6 + l)uu x = bu x u xx + uu xxx , (1.2) 

where 6 is a constant. 

Due to its many remarkable integrable properties, the CH equation has 
extensively been studied in the last twenty years. The bi-Hamiltonian struc- 
ture of the CH equation was implied in the work of Fuchssteiner and Fokas 
[H]. Complete integrability and infinity of conservation laws have been stud- 
ied in [2] . [3] . [28] . The inverse scattering transform was developed by Con- 
stantin, McKean, Gerdjikov and Ivanov |23].|24j. Other progress in studying 
the CH equation includes the existence of peaked solitons and geometry of 
multi-peakons [2]. [29]. geometric formulations [26], and waves breaking [25] , 
The classic papers on the algebro-geometric solutions of the CH equation, 
or more appropriately, one is due to Qiao, the other is Gesztesy and Holden. 
Qiao obtained the algebro-geometric solution on a symplectic submainfold 
[19] . Gesztesy and Holden derived the algebro-geometric solutions for the 
whole CH hierarchy by using the polynomial recursion method [10]-|12j. 

This paper is concerned with the following equation, called the modified 
Camassa-Holm (MCH) equation 

u t - u xxt + 3u 2 u x -u 3 x = (4u - 2u xx )u x u xx + (u 2 - u 2 x )u xxx , (1.3) 

where u(x, t) is the function of spatial variable x and time variable t. For 
our convenience, let us rewrite (1.3) as 

q t + q x (u 2 -u 2 x )+2q 2 u x = 0, (1.4) 
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q = u- u xx . 



(1.5) 



The MCH equation (1.3) was derived as an integrable system by Fuchssteiner, 
and Olver and Rosenau by applying the tri-Hamiltonian method to the rep- 
resentation of the modified KdV equation p3],[3T]. Later, Qiao recovered 
the MCH equation f 1 1 . 3 [) from the two-dimensional Euler equations by us- 
ing the approximation procedure, provided the Lax pair and bi-Hamiltonian 
structure for the MCH equation, and first time proposed the W/M-shape 
solitons [IT]. Recently, Gui, Liu, Olver and Qu showed the wave-breaking 
and peaked traveling- wave solutions for the MCH equation [30] . However, 
within the knowledge of the authors, the algebro-geometric solutions of the 
entire MCH hierarchy are not studied yet. 

The main task of this paper focuses on the algebro-geometric solutions 
of the whole MCH hierarchy in which (|1.3j) is just the second member. The 
outline of the present paper is as follows. 

In section 2, based on the polynomial recursion formalism, we derive 
the MCH hierarchy, the associated sequences, and Lax pairs. A hyper- 
elliptic curve JC n with arithmetic genus n is introduced with the help of 
the characteristic polynomial of Lax matrix V n for the stationary MCH 
hierarchy. 

In Section 3, we study a meromorphic function <p such that <p satisfies a 
nonlinear second-order differential equation. Then we study the properties 
of the Baker-Akhiezer function ip, and furthermore the stationary MCH 
equations are decomposed into a system of Dubrovin-type equations. The 
stationary trace formulas are obtained for the MCH hierarchy. 

In Section 4, we present the first set of our results, the explicit theta func- 
tion representations of Baker-Akhiezer function, the meromorphic function 
and the potentials u for the entire stationary MCH hierarchy. Furthermore, 
we study the initial value problem on an algebro-geometric curve for the 
stationary MCH hierarchy. 

In Sections 5 and 6, we extend the analysis in Sections 3 and 4 to the 
time-dependent case. Each equation in the MCH hierarchy is permitted to 
evolve in terms of an independent time parameter t r . As an initial data we 
use a stationary solution of the nth equation and then construct a time- 
dependent solution of the rth equation in the MCH hierarchy. The Baker- 
Akhiezer function, the meromorphic function, the analogs of the Dubrovin- 
type equations, the trace formulas, and the theta function representation in 
Section 4 are all extended to the time-dependent case. 
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2 The MCH hierarchy 

In this section, let us derive the MCH hierarchy and the corresponding 
sequence of zero-curvature pairs by using a polynomial recursion formalism. 
Moreover, we introduce the hyper-elliptic curve connecting to the stationary 
MCH hierarchy. 

Throughout this section, let us make the following hypothesis. 

Hypothesis 2.1 In the stationary case, let us assume 

u£C°°(C), d£u€L°°(C), k£N . (2.1) 

In the time- dependent case, let us assume 

«(■,*) €C°°(C), d k x u(-,t) GL°°(C), fcGNo, teC, 

u(x, -),u xx (x, •) G C^C). 

Let us begin with the polynomial recursion formalism. Define {/2z}zeNo> 
{52j}j6Nq> an d {^2/}/eN through the following recursive relations 

/aj+i = 0, g 2 i+i = 0, h 2 i+i =0, I G N , 
5o = -1, 

52; = - n^) 5 2iia: , i G N, (2.3) 

/2j,x + f% = {u- u xx )g 2h I G No, 
/12/ = -2 (it - u xx )~ l g 2 i+2,x - hi, I G N . 
where £2; are determined by the following formulas (for details, see [15] ) 
5 2 = 2u, 

*M+3 = 0($a), ^ G N, (2.4) 
Q = -e- x d- x e 2x d- x e~ x {u - u xx )d~ x (u - u xx )d. 
Apparently, the first few can be computed as follows: 



fo = 


u x - u, 


h = 


--(« - u xx )(u 2 - u 2 x ) 


go = 


-1, 


92 = 


~\{ u2 - u 2 x ) + c x , 


ho = 


u + u x , 


h 2 = 


g(« - u xx ){u 2 - u 2 x ) - 



(2.5) 
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where {q}z<=n C C are integration constants. 

Next, we introduce the corresponding homogeneous coefficients f 21, 921, 
and fi2ii defined through taking c& = for k = 1, • • • , I, 

fo = U x -U, f 2 = --(u-U xx )(u 2 -III), hi = f2l\c k =0, k=l,...,l, 

90 = -1, 92 = ~\( u2 ~ u l)i 921 = 92i\c k =o, k=i,...,i, ( 2 - 6 ) 
h =u x + u, h 2 = ^(u-u xx )(u 2 -ul), h 2 i = h 2 i\ Ck =o, k=i,...,l- 

It is easy to see 

l 1 1 

fa = ^2°i-kf2k, 921 = ^2ci_ k g 2 k, h 2 i = ^q_ fe ^2fe, I G N , (2.7) 

fc=0 fc=0 fc=0 

where 

co = 1. (2.8) 
Let us now consider the following 2x2 matrix iso-spectral problem 

(-lA-vi-,_) ^''"r"-))* (2.9) 

and an auxiliary problem 

^ = V n (\)1>, (2.10) 

where V n (X) is defined by 

K(A) = ( ~?£ n X ~^ n ) , AgC\{0}, n € No- (2.11) 

Assume that F n , G n , and H n are polynomials of degree 2n with (7°° co- 
efficients with respect to x. Let us consider the stationary zero-curvature 
equation 

-V n , x + [U,V n } = 0, (2.12) 



that is 



F n ,x = -F n + (u - u xx )G n , (2.13) 
H n>x = H n + (u - u xx )G n , (2.14) 

>?G n:X = --(u-u xx )H n - -{u-u xx )F n . (2.15) 
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From (|2.13p -(2,15). a direct calculation shows 



d , Id 

x)) -- 

and therefore A 2 G 2 + F n H n is x-independent to imply 



J-det(F„(A, x)) = -^-^(x 2 G n {X, xf + F n (\, x)H n (\, x)) = 0, (2.16) 



A 2 G 2 + F n H n — Rin+2 (2-17) 

where the integration constant i?4 n +2 is a monic polynomial of degree 4rz + 2 
with respect to A. Let {-E , ^ l } m =l,- ,2n+l denote its zeros, then 

2n+l 

i?4n +2 (A) = [J (A 2 - {^}m=l,-. ,2n+l G C. (2.18) 

m=l 

In order to derive the corresponding hyper-elliptic curve, we compute the 
characteristic polynomial det(y/ — XV n ) of the Lax matrix XV n , 

det(yl-AK) = y 2 - \ 2 G n (\f - F n (\)H n (\) 

= y 2 - i?4n+ 2 (A) = 0. (2.19) 

Equation (12.191) naturally leads to the hyper-elliptic curve K n , where 

K, n : T n (\y) = y 2 - R in +2{X) = 0, 

272 + 1 

«4n+ 2 (A) = [] (A 2 - El), {^} m =i,.., 2n +i G C. (2.20) 

m=l 

Actually,it is more convenient to introduce the notations z = X 2 ,E m = E^, 
so that /C n becomes the hyper-elliptic curve of genus n G No (possibly with 
a singular affine part), namely, 

K n : T n (z,y) = y 2 - R 2n +i(z) = 0, 

2n+l 

R 2n +i(z) = IJ (z-E m ), {E m } m= i,.., 2n+1 eC. (2.21) 

m=l 

The stationary zero-curvature equation (I2.12P implies polynomial recur- 
sion relations (|2.3p . Let us introduce the following polynomials F n (X), G n (X) 
and H n (X) with respect to the spectral parameter A, 

n 

F n {X) = Y,hi>? {n ~ l \ (2-22) 

1=0 
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n 

G n (X) = Y,92iX 2(n - l \ (2.23) 
1=0 

n 

H n {X) = Y,h2i\ 2{n ~ l) . (2.24) 

1=0 

Inserting (j232j) - (pT24"1) into fl2U3K 2 - 15 ) y ields the recursion relations (fO) 
for and g 2 i, I = 0, . . . , n. By using (2.15), we obtain the recursion formula 
for h 2 i, I = 0, . . . ,n — 1 in (I2.3j) and 

h 2n = -hn- (2.25) 

Moreover, from (2.14), we have 

h 2n ,x ~ h 2n ~ (u - u xx )g 2n = 0, n £ N . (2.26) 
Hence, inserting the relations (|2.25p and 

f 2n ,x + hn - (u- u xx )g 2n = (2.27) 

into (I2.26p . we obtain 

s-MCH» = -2/ 2v = 0, nE N . (2.28) 

The stationary MCH hierarchy is defined by (I2.28p . The first few equations 
are 

s - MCH (u) = 2u x - 2u xx = 0, 

s - MCHi(it) = (u x - u xxx )(u 2 - u 2 x ) + 2(u - u xx ) 2 u x + (u x - u xxx )ci = 0, 
etc. 

(2.29) 

By definition, the set of solutions of (|2.28p represents a class of algebro- 
geometric MCH solutions with n ranging in No and q in C, I £ N. We 
call the stationary algebro-geometric MCH solutions u as MCH potentials 
at times. 

Remark 2.2 Here we emphasize that if u satisfies one of the stationary 
MCH equations in (I2.28p . then it must satisfy infinitely many such equations 
with order higher than n for certain choices of integration constants q . This 
is a common characteristic of the general integrable soliton equations such 
as the KdV, AKNS and CH hierarchies fTE/. 
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Next, we introduce the following homogeneous polynomials Fi,Gi,Hi 
defined by 

I 

F l (X) = F l (X)\ Ck=0tk=1 _ l = ^2f 2k X^ l - k \ l = 0,...,n, (2.30) 

k=0 
I 

G l (X) = G l (X)\ Ck=0 , k=1 _ l = Y J 92kX 2(l - k) , l = 0,...,n, (2.31) 

k=0 

I 

H l (X) = H l (X)\ Ck=0 ,k=i,...,i = Y^ fl ^ 2(l ~ k) , 1 = 0,..., n-1, (2.32) 

k=0 

n-1 

H n (X) = -hn + ^>? {n ~ k) - (2-33) 

k=0 

Then, the corresponding homogeneous formalism of (|2.28p are given by 

s-MCH n (u)=s-MCH n (u)| C!=0 , /=!,...,„ = 0, n G N . (2.34) 

Let us conclude this section with the time-dependent MCH hierarchy. 
The "time-dependent" means that u is a function of both space and time. 
Let us introduce a deformation parameter t n E C in u, replacing u(x) by 
u(x, t n ), for each equation in the hierarchy. In addition, the definitions (12. 9p . 
(iriTTl and (I232l - (1234"]1 of U, V n and F n , G n and H n are still available. Then, 
the compatibility condition yields the zero-curvature equation 

U tn - V n , x + [U, V n ] = 0, n G No, (2.35) 

namely, 

-(ut„ - u xxtn ) - F n , x - F n + (u- u xx )G n = 0, (2.36) 

~2^ Utn ~ Uxxt ^ ~ Hn > x + H n + {u~ u xx )G n = 0, (2.37) 

X 2 G n)X = --j[u ~ u xx )H n - -{u - u xx )F n . (2.38) 

Inserting the polynomial expressions for F n , G n and H n into (|2.36[) and 
(2.38), then we have the relations (12.31) for f% and g%, I = 0, ... ,n. By 
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using (2.38), we obtain the recursion formula f|2.3|) for h 2 i, I = 0, . . . , n — 1 
and 

h 2n = ~f2n- (2.39) 
Moreover, from (12.36P and (2.37), we have 

7}( u tn ~ u xxt n ) ~ hn,x ~ hn + (u - U xx )g 2n = 0, (2.40) 
~2^ Utn ~ Uxxt ^> ~ h2n ' x + h2n + ( U ~ u xx)92n = 0. (2-41) 

Hence, by (pT3"9"j) and (12^401) . (2.41) can be rewritten as 

MCH n (u) = u tn - u xxtn - 2f 2n , x = 0, (x, t n ) e C 2 , n G N . (2.42) 

Varying n G No in (|2.42p defines the time-dependent MCH hierarchy. The 
first few equations are 

MCH (u) = ut - u xxto + 2u x - 2u xx = 0, 



MCHi(u) = u tl - u xxtl + (u x - u xxx )(u 2 - u 2 x ) +2(u-u 2 



u , 



(2.43) 

+ (u x ~ u xxx )ci = 0, 



etc. 



The second equation MCHi(n) = (with c\ = 0) in the hierarchy repre- 
sents the Modified Camassa-Holm (MCH) equation as discussed in section 1. 
Similarly, one can introduce the corresponding homogeneous MCH hierarchy 

by 

MCH n (u) = MCH n (n)| Ci=0 , i=i,..., n = 0, n G N . (2.44) 

The MCH hierarchy can also be defined in the form of h 2 n for the relation 
h 2n = —f 2n - The integration constants q = I = 1, . . . , n are taken to 
derive the Modified Camassa-Holm equation MCHi(n) = 0. 

In fact, since the Lenard operator recursion formalism is almost uni- 
versally adopted in the contemporary literature on the integrable soliton 
equations, it might be worthwhile to adopt the alternative approach using 
the polynomial recursion relations. 

3 The stationary MCH formalism 

In this section, we focus our attention on the stationary case. By using the 
polynomial recursion formalism described in section 2, we define a funda- 
mental meromorphic function <j)(P,x) on a hyper-elliptic curve IC n . More- 
over, we study the properties of the Baker- Akhiezer function vp(P,x,xo), 
Dubrovin-type equations, and trace formulas. 
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We emphasize that the analysis about the stationary case described in 
section 2 also holds here for the present context. 
Let 

z = A 2 , E m = El, (3.1) 

then the hyper-elliptic curve K n is given by (|2.2ip . K n is compactified by 
joining a point at infinity, P^, but for our convenience, the compactification 
is still denoted by JC n . Point P on 

Kn \ {Poo}, 

is referred to a pair type P = (z,y(P)), where y(-) is the meromorphic 
function on fC n satisfying 

T n (z,y(P))=0. 

The complex structure on /C n is defined in the usual way by introducing 
local coordinates 

CQo : P -»■ ( z - z o) 

near points 

Qo = (zo, y(Qo)) € K n \ P , P = (0, y(P )), 

which are neither branch nor singular points of fC n . Near Pq, the local 
coordinates are 

( Po :P^z^; 
near the branch point P^ E K, n , the local coordinates are 

and also the similar case at branch and singular points of /C n . Thus, fC n 
becomes a two-sheeted hyper-elliptic Riemann surface [27] with genus n E No 
(possibly with a singular affine part) in a standard manner. 

We also notice that fixing the zeros E\, . . . , E2 n +i of i?2n+i discussed in 
(|2.2ip leads to the curve fC n fixed. Then the integration constants c\, . . . , c n 
in f2 n are uniquely determined, which are the symmetric functions of E\, . . . , E 

The holomorphic map *, changing sheets, is defined by 

{KL n y K, n , 
P = 0, ->■ P * = (z,yj+l(mod 2)){z)), 3 = 0, 1, 

P** := (P*)*, etc., (3.2) 
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where Uj(z), j = 0, 1 denote the two branches of y(P) satisfying T n (z, y) = 0. 
Finally, positive divisors on KZ n of degree n are denoted by 



^Pl,..,Pn = 4 



IC n -»■ N , 

k if P occurs k times in {Pi, . . . , P n }, 
0ifP^{Pi,...,P n }. 

(3.3) 

For the notational simplicity, assume n G N. The case n = is treated 
in Example 4.10. 

Next, we define the stationary Baker- Akhiezer function ip(P,x,xo) on 
JC n \ {P<x,Pq} as follows 



1p(P,X,X ) 



ipi(P,x,x ) 
ip 2 (P,x,xo) 

ifj x {P,x,x ) = U(u(x),z(P))ip(P,x,x ), (3.4) 
zW n (u(x), z(P))?p(P, x, x ) = y(P)ip(P,x,x ), 
ipi(P,x ,x ) = 1; P = (z,y) G/C n \{Poo,Po}, ieC. 

Closely related to ip(P,x,xo) is the following meromorphic function <f)(P,x) 
on K n defined by 

(p{P,x) = — — — r+o > p ££n, xGC (3.5) 



V ^i(P,x,2;o) 2 

with 



i[)i(P,x,x ) = exp x ^ ^g(a/)0(P, a/)^' - ^ -^o)^ , 

PeK n \{P oo ,P }, 

where q = u — u xx . 

Then, based on (|3.4|) and (|3.5|) . a direct calculation shows that 



(3.6) 



0(P,x) 



„l/ 2 y + Z 1 / 2 G n {z,: 
F n (z,x) 
z 1 ' 2 H n {z,x) 
y - z 1 / 2 G n (z,x) ' 

and 



(3.7) 



ih{P,x,x ) = MP^^MP,x)/z 1 / 2 . (3i 
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By inspection of the expression of F n and H n in ()2.22j) and (|2.24p . we notice 
that F n and H n are even functions with respect to A. Thus, if A is the root 
of F n or H n , then —A is also their root. In this way, we can write F n and 
H n as the following finite products 



F n (\) = foH(\ 2 - 



3=1 



(3.9) 



i=i 



For our convenience, let 



z = A 2 , fij = fjjj, Vj = u 2 , (3.10) 
then F n and H n can be rewritten as the following formalism, 

n n 

Fn{z) = fo J\(Z - Hj) = (U x - u) Y[(Z - flj), (3.11) 
3=1 3=1 

n n 

H n (z) =h Y[(z- Vj ) = (u x + u) ]J(z - Vj). (3.12) 

3=1 3=1 

Moreover, defining 
fij(x) = (^ij(x), -yl fij{x)G n {pj{x),x) \ e /C„, j = 1, . . . ,n, x € C, (3.13) 



i>j{x)= (vj{x), y / 'u j (x)G n (v j {x), x)J G fC n , j = l,...,n, x E C, (3.14) 
and taking z = in (I2.17D yields 

2n+l 

f2nh 2n = -fin = " If ^m- ( 3 - 15 ) 
3=1 

So, we can choose 

2n+l 

P = (0,/2n) = (0, J] ^ 2 ). (3.16) 
3=1 
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Due to (|2.ip . u is smooth and bounded, and therefore F n (z,x) and 
H n (z,x) share the same property. Thus, we have 

Mi,^eC(R), j = l,...,n, (3.17) 

where /ij, i>j may have appropriate multiplicities. 
The branch of y(-) near Px, is fixed according to 

lim - .^ P ) - = 1. (3.18) 

Also by (|3.7p , the divisor (0(P, x)) of cj)(P,x) is given by 

(0(P,x)) = Ppo,^),...,^)^) - ^^(^....^(^(P). (3.19) 

That means, Pq, (>i(x), . . . , £ n (a;) are the n+1 zeros of 4>(P, x) and P^, fii(x), . . . 
jl n {x) are its n + 1 poles. These zeros and poles can be abbreviated in the 
following form 

/} = {/ii,. . . ,/%}, 2> = {i>i, . . . ,z> n } € Sym n (/C n ). (3.20) 
Let us recall the holomorphic map (|3.2p . 



p = i z ,yj(, z )) -> -P* = 0, z/j+i(mod 2))(^)) 5 j = o, i, 

p ** ._ etc ^ (3_2i) 

where yj(z), j = 0, 1 satisfy !F n (z,y) = 0, namely, 

(y - yo (z))(y - = y 2 - iWO) = 0. (3.22) 
From (13. 221) . we can easily get 

yo + yi = o, 

y oyi = -R 2n +i(z), (3.23) 
yl + yl = 2R 2n+1 (z). 

Further properties of (j)(P, x) are summarized as follows. 

Lemma 3.1 Under the assumption (|2.ip . let P = (z,y) £ JC n \ {PoojPo} 
and (z, x) E C 2 , and u satisfy the nth stationary MCH equation (12.28[) . T/ien 

^(P) + -(« - u^)z"V(P) 2 - 0(P) = - " ( 3 - 24 ) 



13 



m^n = ( 3 - 25 ) 

0(P) + 0(P*) = 2^^, (3.26) 

( p(P)-^ n = z ^^L- y (3.27) 

Proof. A direct calculation shows that (|3.24|) holds. Let us now prove 
(|335>(j337j) . Without loss of generality, let y {P) = y{P). From (jUTJ), 
(|2.17p and (|3.23p . we arrive at 

m^n = ^ yo + f Gn x ^- yi+ViG " 



F F 

yoyi + (yo + mWzGn + zG 2 n 

F 2 

V 

— R2n+1 + zG\ 



u 

2 



F 2 

n 

— F H 

± n 1J -n 

F 2 

n 

zH„ 



p 



HP) + ^n = + f Gn + v;? 1 + ^ Gr - 



F F 

1 n ± n 



p 

1 n 



(3.28) 



(3.29) 



4>{P) -<f>(P) = Vz = Vz p 

_ r {yo - yi) 

~ v z 

1 n 

r 2y r 2y 
= Vz— = Vz—. (3.30) 

"n "n 

Let us discuss properties of ?p{P,x,xo) below. 
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Lemma 3.2 Under the assumption (|2.ip . let P = (z,y) G K n \ {P^^Pq}, 
(x,Xq) G C 2 , u satisfy the nth stationary MCH equation (|2.28p . Then 



F n {z,x) \V 2 



exp 



F n (z,x )J ^\2^/z 
iJj 1 (P,x,x )ipi(P*,x,x ) 

Tp 2 (P,X,X )lp 2 (P*,X,X ) 



•'■() 



qix^F^x'^dx'^ (3.31) 



F n (z,x Q y 
H n (z,x) 
F n (z,x ) ' 



(3.32) 
(3.33) 



Mp,x,x )Mp*,x,x )+mp*,x,x )Mp,x,x ) = 2 ^ G n( z ' x ) (3>34) 



x, x )ip 2 (P*,x, x ) - tpt(P*,X, X Q )^ 2 {P, X, X ) 



F n (z,x ) 
2y 



-. (3.35) 



F n {z,x )' 

Proof. Equation (|3.3ip can be proven through the following procedure. 
Using (|2.13p . the expression of ip±, (|3.6|) and (|3.7j) . we obtain 

1 

2 ( 



ipi(P,x,x ) 



exp z 



-i 



K^^(y + ^G n _l dx/ _ _ {x _ xo) 



-q(x 



F n 



exp 



exp 



^ -q(x') - — — -dx — —{x — xq) 



1 



En 



-qfx>)JL + 1 
z J ~rr. L 2 -Fr). 2 .F^i 



2 



(3.36) 



which implies (I33TD . Moreover, fl32j) together with (ET28D - (13311 leads to 

rx j 



exp 
exp I z 



-l 



Xq 1 n 



exp 

F n (2:,x) 



x 

± n,x' i 



q(x')(^{P) + 4>(P*))dx' - (x - x ) 
zG 



rx ^ 2zG 
~ J 5 9(o/)(-= r !L )da/ - (x-z ) 



(3.37) 



ip 2 (P,x,x )ip 2 (P*,x,xo) = z 1 ip 1 (P,x,x )(f>(P,x)ip 1 (P* ,x,x )(f>(P* ,x) 

_! F n (z,x) (-zH n (z,x)) 



F n (z,x ) F n (z,x) 

Hn(z,x) 

F n (z,x ) ' 



(3.38) 
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tpl(P,X,X )lp2(P*,X,X ) + 1pl(P*,X,X )lp 2 (P,X,Xo) 

= mp)mp*mp*)/z 1/2 + mp*)mp)hp)/z 1/2 

= MP)MP*)(4>(P) + <t>(P*))/z 1/2 

F n (z,x) 2zG n (z,x) /vl/2 



-/ z 

F n (z,x ) F n (z,x) 

(3.39) 



v l/2 2Gn(z, X) 

F n (z,x )' 



ip 1 (P,x,xo)ip 2 (P*,x,x ) - 1p 1 (P*,X,X )'<p2(P,X,Xo) 

= mp)Mp*Mp*)/z 1/2 - MP*)MPMP)/z 1/2 

= MP)MP*mp*)-<p(p))/z 1/2 

F n {z,x) -2zV 2 y 1/2 



F n (z,x ) F n (z,x) 

2y 



/z 1 



(3.40) 



F n {z,x ) 
In Lemma 3.2, if we choose 

MP) = M+> MP*) = M-> MP) = *h,+, MP*) = to,-, 

then (I332D - (I335]1 imply 

(3.41) 

which is equivalent to the basic identity (|2.17|) . zG 2 n + F n H n = R 2n+ \. This 
fact reveals the relations between our approach and the algebro-geometric 
solutions of the MCH hierarchy. 

Remark 3.3 The definition of stationary Baker- Akhiezer function ip of the 
MCH hierarchy is analogous to that in the context of KdV or AKNS hierar- 
chies. But the crucial difference is that Pq is an essential singularity of tp in 
the MCH hierarchy, which is the same as in the CH hierarchy, but different 
from the KdV or AKNS hierarchy. This fact will be shown in the asymptotic 
expansions of t/j in next section. 

Furthermore, we derive Dubrovin-type equations, which are first-order 
coupled systems of differential equations and govern the dynamics of the 
zeros /ij(x) and Vj(x) of F n (z,x) and H n (z,x) with respect to x. We recall 
that the affine part of K, n is nonsingular if 

{-E , m } m =i,...,2n+i c c > E m ^ E m , for m^m', m, m' = 1, . . . , 2n + 1. 

(3.42) 
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Lemma 3.4 Assume that (|2.ip holds and u satisfies the nth stationary 
MCE equation (f!T28|) . 



(i) If the zeros {fJ>j(x)}j=i t ... jn of F n (z,x) remain distinct for x G U^, 
where C C is open and connected, then {fJ>j(x)}j=i,... >n satisfy the system 
of differential equations 

= ^~ n M*) - MJfcfc))- 1 , J = !,...,«, (3.43) 

mi/i initial conditions 

{fj-j(xo)}j=i,..., n 6 /C n , (3.44) 

/or some /ixed £o £ f^. T/ie initial value problems (j3.43|) . (|3.44|) /iaue a 
unique solution satisfying 

fter^U j = l,...,n. (3.45) 

(ii) If the zeros {za,(x)} j=1 of H n (z,x) remain distinct for x G 
where VL U C C is open and connected, then {vj(x)}j=i,...,n satisfy the system 
of differential equations 

v s * =- {u ~ u r\ y{ % ] n ( y i( g ) - ^fr))- 1 . j=i»-.». 

wn£/i initial conditions 

{j>j(x )}j=i,..., n G £ n , (3.47) 

/or some /jxed xo G f^. XTie initial value problems (|3.46|) . (|3.47p /iaue a 
unique solution satisfying 

^er^.g, j = l,...,n. (3.48) 

Proof. For our convenience, let us focus on (|3.43p and (|3.45p . The proof of 
(|3,46p and ()3.48p follows in an identical manner. The derivatives of (|3.1ip 
with respect to x take on 

n 

Fn,x(fJ-j) = ~( u x ~ u)fJ,j )X (/ij(x) - fik(x)). (3.49) 

fc=l 
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On the other hand, inserting z = fij into equation (|2.13p leads to 

Fn,x{Vj) = {u~ U xx )G n (fJLj) = (u- u xx ) ^^- . (3.50) 

Comparing f|3.49[) with (|3.50p gives (|3.43p . The smoothness assertion ()3.45j) 
is clear as long as fij stays away from the branch points (E m , 0) . In case 
p,j hits such a branch point, one can use the local chart around (E m ,0) 
(£ = a [z - Era) 1 ' 2 , a = ±1) to verify (l3Ti5|) . □ 

Let us now turn to the trace formulas of the MCH invariants, which are 
the expressions of j%\ and h% in terms of symmetric functions of the zeros 
\ij and Uj of F n and H n . Here, we just consider the simplest case. 

Lemma 3.5 // (12. lj) holds and u satisfies the nth stationary MCH equation 
(j2T28|) . then 

2n+l 



1 1 ' 1 „ 

~ 2^ U ~ u xx)(u 2 -u 2 x ) + ~{u- u xx ) ^ E m = (u- u x )y^/j,j, (3.51) 

m=l J=l 
^ 2n+l n 

~{u - u xx )(u 2 - u 2 x ) - ~{u - u xx ) ^ E m = -(u + v, x )^2,Vj, (3.52) 

m=l j=l 

Proof. By comparison of the coefficients of z n_1 (A 2n ~ 2 ) in f|2.22|) and 
fpE24]) . taking account into (13TTTT) and (l3~T2jl yields 

1 n 
- -(u - u xx )(u 2 - u 2 ) + (u - u xx )ci = (u- u x )y^j, (3.53) 

1 n 

-(u - u xx ){u 2 - v 2 ) - (u - u xx )ci = -(u + u x ) ^ v h ( 3 - 54 ) 

3=1 

On the other hand, considering the coefficient of z 2n (A 4n ) in X 2 G 2 l -\-F n H n = 
i?2n+i leads to 

2n+l ^ 

2^052 + /io/o = - Em > ( 3 - 55 ) 

m=l 

which implies 



1 2n+1 _ 



m=l 



18 



The trace formulas in the MCH hierarchy are implicit for the potential u, 
which is apposed to the general integrable soliton equations such as KdV, 
AKNS and CH hierarchies. But this dose not affect to obtain the algebro- 
geometric solutions of the MCH hierarchy, and we can still construct u from 
trace formulas. 



4 Algebro-geometric solutions of the stationary MCH 
hierarchy 

In this section, we continue our study of the stationary MCH hierarchy, and 
will obtain explicit Riemann theta function representations for the mero- 
morphic function <p, and in particular for the potentials u of the stationary 
MCH hierarchy. 

Let us begin with the asymptotic properties of and = 1, 2. 



Lemma 4.1 Assume that (|2.ip holds and u satisfies the nth stationary 
MCH equation (jZZSD - Moreover, let P = (z,y) 6 K n \ {Poo,Po}, (x,x ) G 
C 2 . Then 

<KP) = -^—C l + o(i), p^Poo, C = z~\ (4.i) 

C->o u — u x 

4>{P) = iC + 0(( 2 ), P^P , Q = z l '\ (4.2) 

^i(P, x, x Q ) = exp( / (- — — + O(0) dx' - -(x-xq)), 

C->o \J XQ u-u x 2 J (4.3) 

P y Pooi C = z i 



MP,x,x ) = (^—c^ + oie' 2 )) ex P ( f o{£))<k> 

C-*o yu-u x ) \J XQ u-u x 



[x-x )\, P -)■ Poo, ( = z 1 , 

(4.4) 

and 

i> x (P,x,x ) = expf - I h u - u xx ){i + 0{l)) dx' + 0{l)), (4.5) 
C->o V C Jxo 2 1 



P^P , C = z 



1/2 
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MP,x,x ) = (i + O(0) expf \ I \{u-u xx )(i + 0(l)) dx' + 0{1)), 
C^o V C J XQ 2 / 

(4.6) 

P -> P , C = ^ 1/2 - 

Proof. Under the local coordinates £ = z_1 near Px, and £ = z 1 / 2 near 
Po, the existence of the asymptotic expansion of <p is clear from its explicit 
expression in (13 .7p . Next, we use the Riccati-type equation (I3.24D to compute 
the explicit expansion coefficients. Inserting the ansatz 

= (j) _ lZ + ^ + 0{z- 1 ) (4.7) 

2— >-00 

into (|3.24p and comparing the powers of z, then we have (|4.ip . Similarly, 
inserting the ansatz 

Hz 1/2 + <^ + 0(^ 3/2 ) (4.8) 



into (|3,24p and comparing the power of z°, we obtain (|4.2p . Finally, expan- 
sions ([43])-(l46D follow up by (EIS]), (USD, dEl) and (j42]). □ 

Remark 4.2 We notice the unusual fact: Pq is the essential singularity of 
ipj, j = 1,2. From (|4.5p and (|4.6|) . £/ie leading-order exponential term ipj, 
j = 1,2, near Pq is x-dependent, which makes the problem worse. One can 
obtain the analogous result near Px, as displayed in (|4.3p and (|4,4p . T/iis is 
in sharp contrast to standard Baker- Akhiezer functions that typically feature 
a linear behavior with respect to x, such as exp(c(x — xo)) and exp(c(x — 
xo)C _1 ) near P^ and Pq, respectively. 

Let us now introduce the holomorphic differentials rji(P) on tC n 

m (P) = 1 dz, Z = l,...,n, (4.9) 

and choose a homology basis {a^, 6j}™ =1 on JC n in such a way that the 
intersection matrix of the cycles satisfies 

ajob k = 5j.k, ajoak = 0, bjob k = 0, j,k = l,...,n. 

Define an invertible matrix E S GL(n, C) as follows 

E = {Ej^nxn, Ej^k = I Tjj, 

c(k) = (ci(fc), . . . ,c n (k)), Cj(k) = (P" 1 )^, 



(4.10) 
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and the normalized holomorphic differentials as follows 

Uj = ^2cj(l)rji, / ojj = 5j, k , / u}j = T j)k , j, k = 1, . . . ,n. (4.11) 

l = l Ja-k Jbk 

Apparently, the matrix r is symmetric and has a positive-definite imaginary 
part. 

The symmetric functions and ^ n (^) are defined by 

n 

= (-1)"- 1 J] MP, (4-12) 

p=l 

n 

*„(M) = (-1)» JJ^p. (4.13) 

p=i 

Let us present our results in the following theorem. 



Theorem 4.3 Assume that (|2.ip holds. 

(i) Suppose that {/L},=i ... n satisfy the stationary Dubrovin equations 
(|3.43p on Q„ and remain distinct for x £ Q^, where 0„ C C is open and 
connected. Let the associated divisor be 

V m e Sym n (/C n ), A = {Ai,...,M e Sym n (/C„). (4.14) 

T/ien 

1/ — i 

9,a i0 (%, ) ) = - „ i _'; <g4gW) £ (l). * eS V (4.15) 

In particular, the Abel map does not linearize the divisor T>jxt x ) on Sly,- 

(ii) Suppose that {%}j=i,...,n satisfy the stationary Dubrovin equations 
(|3.46p on fi„ and remain distinct for x £ Q u , where Q u C C is open and 
connected. Let the associated divisor be 

V k{x) G Sym n (/C n ), £ = {/>!,..., *>„} € Sym n (/C n ). (4.16) 

T/ien 

WPfl.)> = S.feM) * 1 '- (4.17) 

In particular, the Abel map does not linearize the divisor T>$r x \ on Vl v . 
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Proof. It is easy to see that 

- = TT ^ = -%#, j = l,...,n. (4.18) 

Mi llp=lMp *n(M) 

Let 

a; = (tt>i,...,u; n ), (4.19) 
and choose an appropriate base point Qo- Then we have 

v JQo y ,- = i y/ny\H'j) 



j = l->wo j=i k=1 

ft ft n * " u Mi Il?=l (Mi - Mi)" 

n n k—2 

efe «--u n?=i (Mi- mo - l J 

1 n n fe— 1 

1 U-Ubv^^ ,,v Mj (,•) 



*n(M) 




— u 


1 


■u — 


Uxx 


*n(M) 


Use 


— u 


1 


u — 




*n(M) 


u x 


— u 


1 


u — 


Uxx 


*n(M) 


u x 


— u 



ft ft n i=i (Mi -M0 

n n 

EE#)( p nW)y(^w) 3 '} 

i=l fe=l 

n 

fc=i 

c(l), (4.20) 



where we used (E.25) and (E.26) in [12 



.fc-i 



(C/ n (M)) = (==r4| 0", (W'^WiW)". (4-21) 

— v lli=i (Mj _ M/J / J. fe=1 - v — y J =1 

i^i 

The analogous results hold for the corresponding divisor T>j)M, which can 
be obtained in the same way. □ 

Next, we give the special forms for Theorem 4.3, which can be used to 
provide the proper change of variables to linearize the divisors T^Mx) an d 
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T>i,[x) associated with (f>(P,x). We only consider the case about the divisor 
T>M x y One may conclude that the analogous results also hold for the other 



divisor 



Let us introduce 

Iq :^n\{P 00J -Fb}->C n ) 
P^M_ Qo (P) = (B QoA ,...,B Qo , n ) 



f P w (3) n - 1 



where 



and 



(4.22) 



(3) _ Z- 



l Qo :Sym n ()C n \{P 00 ,P })^C n , 

n 

V Q ^ PqJPo) = T,2qo(Qj)' ( 4 - 23 ) 

Q = {Qi, ■ ■ -,Qn} e Sym n (X: ri \{P 00 ,Po}). 

Theorem 4.4 Assume that (|2.ip holds, and the statements of fj,j in Theo- 
rem 4.3 are a// true. Then 



n „ 



- f^ {x) 1 u-u xx 

Qo V n (n(x)) U x -U 



n = 1, 



dxPiVaM) = { Ux ~ u !£[]„. (4.25) 

- " () \^f(0,...,0 } l), n>2, 

Proof. Equation (|4.24p is a special case of ()4.15p . and (|4.25p follows from 
(|4.20p . Alternatively, one can follow the same way as shown in Theorem 4.3 
to derive (OH) and (OBI . □ 

Let 6(z) denote the Riemann theta function associated with K, n and an 
appropriately fixed homology basis. We assume tC n to be nonsingular. Next, 



1 Here we choose the same path of integration from Qo and P for all integrals in (|4.22|l 
and (023}. 
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choosing a convenient base point Qq £ K n \{Poc, Po} 5 the vector of Riemann 
constants Eq q is given by (A. 66) [12], and the Abel maps Aq {') and «q (-) 
are defined by 

A Qo : K, n ->■ J(/C n ) = C n /L n , 

P ^ Aq (P) = (A Qo ,i(P), ■ ■ ■ ,AQ , n (P)) =(f F u>i,..., fu n ) (mod L n ) 

\JQo JQo J 

(4.26) 



and 



QLq ■ Div(/C n ) -> J(/C„), 

© a Qo (^) = E ^( P Uq (^), (427) 



Pe/c™ 

where L„ = {z G C n | z = N + rM, jV, M G Z n }. 
Let 

1 n 

be the normalized differential of the third kind holomorphic on /C n \{P oc , Po} 
with simple poles at Poo and Po with residues ±1, that is, 

w £p ( P ) = (C' + OWK, as P^ Poo, 

(4 29) 

w £p ( P ),= (-r' + OWK. asP^Po, 
where the local coordinate are given by 

C = z- 1 for P near Poo, C = -2 1/2 for P near P , (4.30) 
and the constants {\j}j=i,..., n are determined by the normalization condition 

/ 

Then, we have 



f P 4l Po (P) = lnC + e + 0(C), as P^ Poo, (4.31) 
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pp 

/ (P) = -lnC + do + 0(Q, as P^P , (4.32) 

JQo C->0 

where constants eo,do G C arise from the integrals at their lower limits Qq. 
We also notice 

A Qo (P) -Aq (Poo) ( = U( + O(( 2 ), as P^ Poo, U = c(n), (4.33) 

^q (^)-^q ( j Po) c = o -2C/C + 0(C 2 ), asP^Po, U = c(n). (4.34) 

The following abbreviations are used for our convenience: 

z(P,Q) = E Qo -A Qo (P) + a Qo (Vg), 

P G /C n , Q = (Qi, . . . , Q n ) G Sym"(/C n ), (4.35) 

where z(-, Q) is independent of the choice of base point Qq. 

Moreover, from Theorems 4.3 and 4.4 we note that the Abel map dose 
not linearize the divisor V^ x y However, the change of variables 

x ^x= f X dx'( r * u - u *'*' ) (4.36) 
J Vtf n (/z(a;')) u x , -u J 

linearizes the Abel map Aq (^ p,t x \) ^ A?'0*0 = ^j{ x )i3 = 1, ... ,Ji- The intri- 
cate relation between the variable x and x is discussed detailedly in Theorem 
4.5. 

Based on the above all these preparations, let us now give an explicit 
representation for the meromorphic function <p and the solution u of the 
stationary MCH equations in terms of the Riemann theta function associated 
with K, n . Here we assume the affine part of fC n (n G N) to be nonsingular. 

Theorem 4.5 Assume that the curve JC n is nonsingular, (I2.ip holds, and 
u satisfies the nth stationary MCH equation ()2.28j) on Q. Let P = (z,y) G 
K, n \ {Pqo, Po}, and x G fl, where Q C C is open and connected. In addition, 
suppose that D^ x ^, or equivalently T)^^ is nonspecial for x G £1. Then, <f> 
and u have the following representations 
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u(x) = i 



x 



e{z{p ,o{x)))e{z{p^gx))) 
e{dPooA{x)))9{z{p Q ^{x))) 

2^=1 A j 2_,j=i ^j<^ m ^ e(z{p ,ji(x))+ui) ) 



(4.38) 



oj=0 



V n X • V n 77 -r) In ( e (£(-Poo,£(3:))+^) 



+ 1 • 



ui=0 



Moreover, let j = l,...,n be not vanishing on £1. Then, we have the 
following constraint 



d.r 



f U U>x ! x ! 
U T i — u 



n ,. 

= -(x-xo)^2( I 

j=l Ja J 



CO 



.(3) 



c,(l) 



+ In 



g(l(fo,^o)))^U(^oo,M(^))) 

0U(Poo,A(^o)))0U(Po,A(^))) 



(4.39) 



and 



U — U^i-i 



dx' 



z(Poo,Kx)) = E Qo - A Qo (Poo) + a Qo (V^ x) ) 

= Iq„ -IqoOPoo) + « Qo (^o)) - ^ tv _ u 

= l Qo -1q (Poo) + «q (%,„)) -c(1)(x -xq), (4.40) 



;(P ,//(a;)) = Eq -Aq {Pq) + OQ (Pfi(x)) 



S Qo - A Qo (P ) + a Qo {V Kxo) ) 



U — U r ' r i 



dx' 



= I Qo -I Qo (Po) + a Qo (^ ))-c(l)(x-xo). (4.41) 
Proof. First, let us assume 

Hj(x) / fJ-j'(x), Vk{x) 7^ Vj~i{x) for j ^ j', k ^ k 1 and x£(], (4.42) 



where U C !] is open and connected. From (|3,19p . Pp () £ ~ Vp^^, and 
Poo = (Poo)* ^ {Air - ' )An}; based on some hypothesis of Theorem A. 
31 [12], one can have T>o_ G Sym n (/C n ) is nonspecial. This argument is 
symmetric with respect to \x and v_. Thus, is nonspecial if and only if 
is. 

Next, we derive the representations of <ft and u in terms of the Riemann 
theta functions. A special case of Riemann's vanishing theorem (Theorem 
A. 26 [I2j) yields 



±Q s±q i 



A Qo (P)+a Qo (V Q )) = ifandonlyifPe{Qi,--- ,Q n }. (4.43) 
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Therefore, the divisor f)3. 19|) of 4>(P, x) suggests considering expression of 
the following type 

C(r) mQo ~-Qo (P) + ^ V ^\ V J [ P JV \ (AAA) 
v(^q - A Qo {P) + a Qo {V^ x) )) \J Qo °° <V 

where C(x) is independent of P G fC n . So, together with the asymptotic 
expansion of <p(P,x) near Pq in (|4.2j) . we are able to obtain (|4.37[) . 

Let us now construct u from trace formulas (|3.5ip and (|3.52|) . By com- 
paring (|3.5ip with (|3,52p . we have 

n n 

(u - u x ) y~) jij = {u + u x ) Uj, (4.45) 

3=1 3=1 



namely, 



Therefore, 



u 



u + u x = J ra -1 J \ u-u x ). (4.46) 



-(« + u x ) + -(« - «,) = - + l) (« - (4.47) 



On the other hand, the asymptotic expansion of (f> near P^ with taking 
account into ()4.37p and comparing the coefficient of £ -1 yields 

u Ux ~ 11 e{z{p^v{x)))e{z{p r^))y { } 

Inserting the expressions of X^j=i /•*.?> Y^j=x u j (F-88 [15]). and (|4.48j) into 
(IQTjl leads to (1438]) . 

Moreover, from ()4.24p and (|4.25j) . one can readily get 

Aj ' (a °,-(3) A f MX0 K(3) 



^4 ^ ^4 

= / me/ aguK 
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By (F.88) [12], we may arrive at 



j = l - VI) j = l JQo j = l - 1*3 



< » ,£*(*) » /-Afc(*o) \ fOiziPocfUx))) 
1^ u i~2*> . u * +ln 



In 



gU(-Poo,A(go))) \ 

0U(^o,A(*o))) / 



Q V V%(^o,A(^))) 



H \ "pI,p / MS / "iW 
j=l Ja j Jx o k= i J Qo ' 

fl(i(P0,^0)))fl(^oo,/iW)) 



+ In 



0U(Poo,Afo)))0(*(fb,A(aO)) 



n V^oo,A(xo)))^(Po,A(x)))y ' l " j 

Hence, inserting the condition of changing of variables (|4.36p into (|4,50p and 
comparing with (|4.49[) can give the constraint f|4.39j) . Equations (|4.40p and 
(I4,4ip are clear from (I4,15p , The extension of all results from x £ ft to 
x £ ft follows by the continuity of Qq and the hypothesis of T^m x ) being 
nonspecial for x € ft. □ 

Remark 4.6 The stationary MCH solution u in (|4,38|) is a quasi-periodic 
function with respect to the new variable x in (|4.36p . The Abel map in (|4.40p 
and ()4.4ip linearizes the divisor T>^r x ^ on ft with respect to x. 

Remark 4.7 The similar results to (|4.40p and (|4,4ip (i.e. the Abel map 
also linearizes the divisor T>pt x \ on ft with respect to x) hold for the divisor 
XWj.) associated with 4>(P, x) . The change of variables is 

x ^x= [ X dx'( 7 /. u - u *'*' ). (4.51) 
J \V n (v(x')) u x ,+u J 

Remark 4.8 Since T>p Q „ and T>pu are linearly equivalent, that is, 

A Qo (Poo) + a Qo (V Kx) ) = A Qo (P ) + a Qo (Vo (x) ), (4.52) 
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we have 

<*Q (Pi>{x))= A + Oq 4 = 4p (Poo). (4.53) 

Hence 

z(P, E) = z(P, A) + 4, P£lC n . (4.54) 

77ie representations of 4> andu in (|4.37p and (|4.38|) can be rewritten in terms 
ofT>0f x \, respectively. 

Remark 4.9 We have emphasized in Remark 4.2 that the Baker- Akhiezer 
functions tp in (|3.6p and f|3.8j) /or t/ie MCH hierarchy enjoy very difference 
from standard Baker- Akhiezer functions. Hence, one may not expect the 
usual theta function representations of tpj, j = 1,2, in terms of ratios of 
theta functions times a exponential term including (x — xq) multiplying a 
meromorphic differential with a pole with the essential singularity of ipj. 
However, using the properties of symmetric function and (F.89) [13], we 
obtain 

n—l n—1 

F n (z) = (U x -U)(z n + J]>- H)) = {u X ~u){z n + Y J ^n-l{^Z l ) 

3=1 1=1 
n 

= (u x - u) [z n + (iWi-fc(A) 

k=l 

' 0(z(Poo, ft) + W) 



3=1 

n 

3=1 



uj=0 



z k ~ l 



-EE.(*>(^f^)L^-'). (-) 

and by inserting (j4.55j) into (13.3ip . we obtain the theta function represen- 
tation of V>i • Then, the corresponding theta function representation of ^2 
follows by ([33D and (14371) . 

Let us now discuss the trivial case n = excluded in Theorem 4.5. 

Example 4.10 Let n = 0, P = (z,y) G JC \ {-Poo,-Po}, and (x,x ) G C 2 . 
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Then, we have 

.2 



/C : Mz,y) = y~ Ri(z) = y z -(z- E{) = 0, Ei G C, 



u = E 1 ' , 

s - MCH (u) = 2^ - = 0, 

F (z,x) = f = u x - u, G (z,x) = g = -1, #0(2, = ^0 = ^2 + u, 

,^ = ^ + u (4.56) 
u x - u z-V 2 y + 1 



^(P,x,x ) = exp( ^ {\ U Ux , U ^ y //J )dx' - \{x - xo)), 

, s y - z x l 2 ( f x flu - u x i x i y - z 1 / 2 \ . 1 
ip 2 {P,x,x ) = — exp( / I- m —)dx - -(x-Xq) 

lx KZ u x 



u x -u - \j„ n \2 u x i-u z 1 / 2 J ' 2 



The general solution of s — MCHo(u) = 2u x — 2u xx = is given by 

u{x) = a ie x + E\ /2 , a x G C. (4.57) 



But, according to the condition d x u G L (C), k G No in (|2.ip . we conclude 

~l/2 

at = 0, and therefore u = E-y , which is the same as the expression of u in 
(|4.56p from trace formula (|3.5ip or (|3.52p in the special case n = 0. 



At the end of this section, we turn to the initial value problem in the 
stationary case. We show that the solvability of the Dubrovin equations 
(|3.43p on f2„ C C in fact implies equation ()2.28j) on 0„, which amounts to 
solving the initial value problem in the stationary case. 

Theorem 4.11 Assume that (|2.ip holds and {p>j}j=i ,. ,. n satisfies the sta- 
tionary Dubrovin equations f|3.43j) on and remain distinct and nonzero 
for x G O^, where S1 M C C is open and connected. Then, if u G C°°($7 /J ) 
satisfies 

. . 2n+l n 

- -(u - U xx ){u 2 - ul) + -(u - Ua, x ) ^ = (« " 1i x )^J/^, (4.58) 

m=l i=l 

u is a solution of the nth stationary MCH equation (I2.28p . that is 

s-MCH n (u) = 0, onQ^. (4.59) 
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Proof. Given the solutions fij = (fj,j,y(p,j)) G C°°(f2^,/C n ), j = 1, • • • ,n of 
(|3.43p . let us introduce 

n 

F n (z) = (u x - u) Y[(z - fij) onCxty,, (4.60) 
i=i 

where u is the solution of (|4.58|) up to multiplicative constant. Given F n 
and u, let us denote the polynomial G n by 

G n (z) = (u-u xx )- 1 (F n (z) + F ntX (z)), onCxfl^, (4.61) 

and from (|4.60|) . one can see that the degree of G n is n with respect to z. 
Taking account into (|4.61 j) . the Dubrovin equations (|3.43p imply 

y{jij) = fj, j>x U ^JTj f[ {jXj - fi k ) 

fc=l 

" = -y/J^jGniP-j)- (4.62) 



Hence 

R2n+l{^jf ~ HjGniflj) 2 = y(flj) 2 ~ fljGniHj) 2 = 0, J = 1, ... ,n. (4.63) 

Next, let us define a polynomial H n on C x such that 

R 2n +i(z) - zG n {z) 2 = F n (z)H n (z) (4.64) 

holds. Such a polynomial H n exists since the left-hand side of (|4.64|) vanishes 
at z = /ij, j = 1, • • • , n by ([4.63p . We need to determine the degree of H n . 
By (I4.6ip . we compute 

R 2n+1 (z) - zG n (z) 2 = {u x + u){u x -u)z 2n + 0(z 2n - 1 ), (4.65) 

\z\— too 

with 0(z 2n ~ 1 ) depending on x by inspection. Therefore, combining (|4,60p . 
(I4.64p and (I4.65p . we conclude that H n has degree n with respect to z, with 
the coefficient (u x + u) of powers z 2n . Hence, we may write H n as 

n 

H n {z) = {u x +u)J\{z-v j ), oiiCxH p , (4.66) 

3=1 
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where u is the same as that in (|4.6Qj) . Next, let us consider the polynomial 
P n -i by 

P n -l(z) = ~(u- u xx )H n (z) + -(u - u xx )F n (z) + zG n>x (z). (4.67) 

Using (|4.6U|) . (|4.61|) and (|4.66p . we see that P n -\ is a polynomial of degree 
at most n — 1. Differentiating on both sides of ()4.64p with respect to x yields 

2zG n (z)G n>x (z) + F n:X {z)H n (z) + F n (z)H n:X (z) = on C x O m . (4.68) 

Multiplying (|4.67j) by G n and using (|4.68|) . we have 

G n {z)P n - 1 (z) = -F n (z)[(u - u xx )G n (z) - H n ^ x (z)\ 

+ [(« - u xx )G n (z) - F n , x (z)]^H n (z), (4.69) 
and therefore on 0„, we have 

Gnin^Pn-ifjJtj) = 0, j = l,...,n. (4.70) 
Next, let x £ C f^, where is given by 

= {xen lt \G(ji j {x),x) = -^i^^O,j = l,---,n} 

V A i i( x ) 

= {x G | ^j(x) ^ {£ m } m =l,.-,2n+l 1 J = 1, • • • (4-71) 
Thus, we have 

P n _i(/ij(s),x) = 0, j = ,n, x £ %. (4.72) 
Since P n -i is a polynomial of degree at most n — (|4.72p implies 

P n _i = on C x ty,, (4.73) 

So, (2.15) holds, that is, 

2G n>a; (z) = -^(« - u xx )H n (z) - -{u - u xx )F n (z) on C x M . (4.74) 

Inserting (gTTjj) and P~6Tj) into (|4T68|) yields 

[-(« - u xx )G n (z) - H n (z) + H n>x (z)]F n (z) = 0, (4.75) 
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namely, 

H n ,x( z ) = {u~ u xx )G n {z) + H n (z), on C x fy. (4.76) 

Thus, we obtain the fundamental equations (2.13)-(2.15), and (|2.17p on 
C x M . 

In order to extend these results to all x G let us consider the case 
where fij admits one of the branch points (E mo ,0). Hence, we suppose 

/iji (x) ->■ E mo as x -)■ x G (4.77) 
for some ji G {1, • ■ ■ , n}, mo G {1, • • • , 2n + 1}. Introducing 
Oi(z) = <?(Hi( x ) ~ Em ) 1/2 , cr = ±l, 

Mil 0*0 = ^mo +0i(3;) 2 

for x near xo, then the Dubrovin equation (|3.43j) for becomes 

= c w(»--"L ( n' ( g mQ -^ i/2 



(4.78) 



2(u x -u)\lE mo 771=1, 



n 

X 



[] (^ -^.(x))- 1 (l + O(0 1 (x) 2 )) (4.79) 



fe=l, 
Mil 

for some |c(<r)| = 1. Hence, (14. 73ft - (14. 76 j) are extended to by continuity. 
Consequently, we obtain relations (2.13)-(2.15) on C x f2 M , and can proceed 
as in Section 2 to see that u satisfies the stationary MCH hierarchy (j4.59[) . 
□ 

Remark 4.12 The result in Theorem 4.11 is derived in terms of u and 
{fij}j=i t ... tn , but we can prove the analogous result in terms ofu and {vj}j=i... )n . 

Remark 4.13 Theorem 4.11 reveals that given K, n and the initial condition 
fi(xo) = (fii(xo), . . . , fi n {xo)) G Sym n (/C n ), or equivalently, the auxiliary 
divisor T>^ XQ ^ G Sym ra (/C n ) at x = xq, u is uniquely determined in an open 
neighborhood Q of xq by (|4.58p and satisfies the nth stationary MCH equation 
(|2.28p . Conversely, given fC n and u in an open neighborhood SI of xq, we can 
construct the corresponding polynomial F n (z,x), G n (z,x) and H n (z,x) for 
x G $1, and then obtain the auxiliary divisor T*p,(x) forx G £1 from the zeros of 
F n (z,x) and (I3.13p . In that sense, once the curve K, n is fixed, elements of the 
isospectral class of the MCH potentials u can be characterized by nonspecial 
auxiliary divisor T>p,(x) ■ 
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5 The time-dependent MCH formalism 



In this section, let us go back to the recursive approach detailed in Section 2 
and extend the algebro-geometric analysis in Section 3 to the time-dependent 
MCH hierarchy. 

Throughout this section, we assume that (|2.2j) holds. 

The time-dependent algebro-geometric initial value problem of the MCH 
hierarchy is to solve the time-dependent rth MCH flow with a stationary 
solution of the nth equation as the initial data in the hierarchy. More 
precisely, given n G No, based on the solution of the nth stationary MCH 
equation s — MCH n (n^) = associated with JC n and a set of integration 
constants {c;};=i ... n C C, we want to build up a solution u of the rth MCH 
flow MCH r (-u) = such that u(t 0>r ) = for some i ,r £ C, r £ N . 

We employ the following notation V r , F r , G r , H r , f2 S , c/2s, h 2s to stand for 
the time-dependent quantities, which are obtained in V n , F n , G n , H n , f 2 i, g 2 i, 
h,2i by replacing {ci}i = \^,^ n with {c s } s= i ) ,,, tr , where the integration constants 
{ci}i=i .. jn C C in the stationary MCH hierarchy and {c s } s= i v .. jr C C in the 
time-dependent MCH hierarchy are independent of each other. In addition, 
we mark the individual rth MCH flow by a separate time variable t r G C. 

Let us now provide the time-dependent algebro-geometric initial value 
problem as follows 

MCH r (n) = u tr - u xxtr - 2f 2r , x 
u\ tr=t0tr = u {0) , 

s-MCH ri (/') = -2/ 2v («(°') 

where to,r G C, n, r G No, u = u(x,t r ) satisfies the condition (|2.2p . and the 
curve K n is associated with the initial data in (5.2). Noticing that the 
MCH flows are isospectral, we are going to a further step and assume that 
(5.2) holds not only at t r = io,r> but also at all t r G C. 

Let us now start from the zero-curvature equations (|2,35p 

U tr -V r>x + [U,V r } = 0, (5.3) 

-V n , x + [U,V n } = 0, (5.4) 



0, 



(5.1) 
(5.2) 
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where 



and 



U(z) 



'2 2 Z 2 "ii) 



i 

2 ^ " V, " ^rra; y 2 



V n (z) = [ ~? n{z) Z ~~ 2Fn{2) ) (5.5) 
{ } \ z-iH n (z) G n (z) ) 



V r {z) 



-G r (z) z-2F r (z) 
z~2H r (z) G r (z) 



F n {z) = Y,f2iz {n - l) = h\{{z-^), h = u x -u, (5.6) 
1=0 j=l 

n 

G n (z) = Y,92iz^- l \ (5.7) 
1=0 

n n 

H n {z) = h 2 iz {n ~ l) = h H(z - Uj), h = u x + u, (5.8) 
1=0 j=i 

r 

F r {z) = hsz {r - s) , fo = u x - u, (5.9) 

s=0 
r 

G r {z) =Y~g2sZ {r - S \ (5.10) 

s=0 

r 

H r (z) = Y~ h 2sZ {r ~ s) , h = u x + u, (5.11) 

s=0 

for fixed n,r € N . Here f 2 i, g%, h 2 i, I = 0, ...,n and f 2s , g 2s , h 2s , s = 
0, . . . , r, satisfy the relations in (|2,3p . 

Moreover, it is more convenient for us to rewrite the zero-curvature equa- 
tions (|5.3p and (|5.4p as the following forms 

\( u tr ~ u X xtr) ~ Fr,x - F r + (u- u xx )G r = 0, (5.12) 

- \( u tr ~ u xxt r ) ~ H r , x + H r + (u- u xx )G r = 0, (5.13) 

1 i 

zG TyX = --(it - u xx )H r - -(u - u xx )F r (5.14) 
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and 

F n , x = ~F n + (u- u xx )G n , (5.15) 
H n ,x = H n + (u-u xx )G n , (5.16) 

zG n , x = --(u - u xx )H n - -{u - u xx )F n . (5.17) 
From (|5.15p - (|5.17p . we may compute 

±det(V n (z)) = ~-^(zG n (z) 2 + F n (z)H n (z)) = 0, (5.18) 

and meanwhile Lemma 5.2 gives 

±det{V n {z)) = -- z ^ f {zG n {z) 2 + F n (z)H n (z)) = 0. (5.19) 

Hence, zG n (z) 2 + F n (z)H n (z) is independent of variables both x and t r , 
which implies 

zG n {z) 2 + F n {z)H n {z) = R 2n+ i(z). (5.20) 

This reveals that the fundamental identity fj2. lTf) still holds in the time- 
dependent context. Consequently the hyperelliptic curve K. n is still available 
by (I2T2TD . 

Next, let us introduce the time-dependent Baker- Akhiezer function ip(P, x, xo, 
t r ,t , r ) on JCn \ {Poo, P } by 

,/,rp^ + + \-( M p ,x,x ,t r ,t 0ir 

iP(P,%,XQ,t r ,tor) - ,i,(p„„ + + 

^ x (P,a;,a;o,tr,to,r) = ^(tt(£,*r),2(P))^(P,£,so,Wo,r), 

l/} tr (P,X,Xo,t r ,t ,r) = V r (u(x,t r ), z(P))lp(P, X, Xo,t r ,t 0) r), (5.21) 

z^V n (u(x, t r ),z(P))ip(P, x, x ,t r ,t 0>r ) = y(P)i/j(P, X, X ,t r ,t ,r), 

^i(P,aJo,Xo,io,r,io,r) = !> 
P = (s, y) € /C n \ {Poo, Po}, (a;, *r) G C 2 . 

where 

ipl(P,x,x ,t r ,t , r ) = expf / iis(z _1 P r (z,xo,s)(/)(P,xo,s) - G r (z, x , s)) 

+ z ~y <ia; / (^(x / ,t r )(/)(P,x',t r )) - -{x - x )j, 

P = (z,y)€K n \{P oo ,P }. (5.22) 
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Closely related to tp(P, x, xo,t r , to >r ) is the following meromorphic function 
(f)(P,x,t r ) on fC n denned by 

x t )= 2Z f ^A P ^ X ^ X 0^r^0,r) + 1 \ 

q(x,t r ) V ipi(P, x,x ,t r ,t , r ) 2/' 

P € K- n \ {Poo, Po}, (x, U) G C 2 . (5.23) 

which implies by (|5.2ip that 

± lT > + \ 1/2 y + z l/2 G n (z,x,t r ) 

(j)(P,X,t r ) = z 1 — — 

"n\Z, X, Z r ) 

_ z _ Hn( z , x , tr) 

y - z l l 2 G n {z 1 x 1 t r y 

and 

^ 2 (-P,aJ,aJo ; *r,*o,r) = '0i(- p ,^a ; o ) *r,*o,r-)0(-P,^,*r-)A 1/2 - (5-25) 
In analogy to equations (|3.13p and (I3.14|) . we define 



fij(x,t r ) — ^fij(x, t r ), —\J Hj(x, t r )G n ([ij(x, t r ), x, t r )J E KL n , 

j = l,...,n, {x,t r )eC 2 , (5.26) 



Uj(x,t r ) = (l/j (x, t r ), yj Vj{x, t r )G n (l/j(x, t r ), X, t r )j G }C n , 

j = l,...,n, (Mr) GC 2 . (5.27) 

The regular properties of F n , H n , /ij and Vj are analogous to those in Section 
3 due to assumptions (|2.2|) . 

From (|5.24p . the divisor ((f>(P,x,t r )) of <f)(P,x,t r ) reads 

(0(P, Mr)) = VPoH*,tr) ( P ) - VPa.&xM ( P ) ( 5 ' 28 ) 

where 

A = {Al>---,An}> £ = {pi, . . . , z) n } 6 Sym n (/C n ). (5.29) 
That means Po ; v\{x, t r ), . . . , z> n (x, £ r ) are the n + 1 zeros of 0(P, x, i r ) and 

Poo, Al (Mr); • • • , An (Mr) its 71 + 1 poles. 

Further properties of (f)(P,x,t r ) are summarized as follows. 
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Lemma 5.1 Assume that ([23]) . (fOj) and ([5^) hold. Let P = (z,y) G 
/^{P^Po}, (Mr)eC 2 . T/ien 

<^(P) + -(u - u xx )z- l ct>{P) 2 - HP) = - uxx), (5.30) 



(#(P)k = (-2zG r (^+2P r (z)0(P))^ (5.31) 
= (u - u xx )H r (z) + (u - u^P^z) + 2(P r (z)(/>(P)) x , 

4> tr {P) = H r (z) + 2G r (z)0(P) - z~ 1 P r (z) ( />(P) 2 , (5.32) 
0(P)0(P*) = (5.33) 

^(P) + 0(P*) = 2^^, (5.34) 

( j ) (P)- (j) (P*) = z ^^- y (5.35) 

Proof. We just need to prove (|5.3ip and (|5.32p . Equations (|5.30p and 
(|5.33[) - ()5.35|) can be proved as in Lemma 3.1. By using (|5,2ip and (|5.23p . 
we obtain 

^ _1 (#)*r = {^Pl)xt r = Qnipl)t r X = {~^~) x 



-G r ^l + Z-^F^ 



tpx 

-Gr + Z^FrCj))^ (5.36) 



which implies the fist line of (j5.31|) . Inserting ()5.14p into (|5.36p yields the 
second line of (15.3ip . Then by the definition of <p (15.23f) . one may have 



Ipl 1p\ 



ib-i J 



ipl ipl 
H r + 2G r (p- z- l F r tf, (5.37) 



38 



which is ()5.32p . Alternatively, one can insert (5.12)-(5.14) into ()5.3ip to 
obtain ([Q2]) . □ 

Next, we study the time evolution of F n , G n and H n by using zero- 
curvature equations (5.12)-(5.14) and (5.15)-(5.17). 

Lemma 5.2 Assume that (pEZj) . ([Q]) . and (pTlj) hold. Then 

F n ,t r = 2(G n F r — G r F n ), (5.38) 
zG n> t r = H r F n — H n F r , (5.39) 
H nitr = 2(H n G r - G n H r ). (5.40) 
Equations (j5.38|) - (|5.40p imply 

-V n , tr + [V r ,V n ]=0. (5.41) 

Proof. Differentiating both sides of (|5.35|) with respect to t r leads to 

(0(P) - 0(P*))t r = -2z 1 / 2 yF n , tr F- 2 . (5.42) 

On the other hand, by ([5T32]) . dEMD , and ff5735^ . the left-hand side of (pT4"2D 
equals to 

<f>(P) tr - <j>(P*) tr = 2G r (0(P)-0(P*))-z~ 1 F r (0(P) 2 -0(P*) 2 ) 

= ^l 2 y(G r F n -F r G n )F~ 2 . (5.43) 

Combining (I5.42p with (|5.43p yields (|5.38p . Similarly, Differentiating both 
sides of (|5.34p with respect to t r gives 

(<KP) + <t>{P*))tr = 2z(G n>tr F n ~ G n F n j r )F~ 2 . (5.44) 

Meanwhile, by (^32]) . ([5733]) . and (041 . the left-hand side of (pT4"4"D equals 
to 

0(P) tr . + </>(P*)t r = 2G r ^(P)+</»(P*))-z- 1 P r ( ( /»(P) 2 + ( /»(P*) 2 ) + 2# r 
= -2zG n F- 2 F nU + 2F-\H T F n -F r H n ). (5.45) 

Thus, (px39"D clearly follows by (f5\4"4"D and (15151) . Hence, insertion of (px38D 
and ()5.39p into the differentiation of zG 2 n + F n H n = R2 n +i(z) can derive 
(|5.40p . Finally, a direct calculation shows that (|5.38j) - (j5.40p are equivalent 
to (f5\4"ll . □ 

Further properties of ^ is summarized as follows. 
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Lemma 5.3 Assume that (|2.2p . (fOj) . and ([5^) /io/d. Lei P = (z,y) G 
/C n \ {Poo, -Po}, (x, xo, t r .tQ. r ) £ C 4 . TTien, we have 

V>i(P,x,x ,t r ,to,r) = -75-7 7 — c) 

\F n (z,x ,t^ r )J 



x exp(^= / dsF r (z,x ,s)F n (z,x ,s)~ 1 

dx'q(x' , t r )F n (z, x' , t r ) ^ , (5.46) 



2^~z 

1pl(P,X,X ,t r ,t 0r )lf)i(P*,X,X ,t r ,t 0r ) = ^( Z ^ X ^r) (5^7) 

F n (z,x ,t , r ) 

ip2(P,x,x ,t r ,to 1 r)^2(P*,x,x Q ,t r ,t Qr ) = __E^1^21lL, (5.48) 

F n (z,X ,t ,r) 

V>i(P, x, xq, t r ,to, r )ip2(P*,x, x ,t r ,to, r ) (5.49) 

yfzG n (z, X, t r ) 



+ lJ} 1 (P*,X,X ,t r ,to jr )lj>2(P,X,XO,t r ,to,r) = 2- 



F n (z,X ,to,r) ' 



^i(P, x, x , t r ,t 0!r )i/) 2 (P*,x, x ,t r , t 0>r ) (5.50) 

2y 



^1 (P* , X, X , t r , £ ,r )V>2 (P, X,X ,t r , t 0<r ) 



F n (z,X Q ,t ,r)' 



Proof. In order to prove (|5.46p , let us first consider the part of time variable 
in the definition (15. 22ft . that is, 

expf / ds[z~ 1 F r (z,xo,s)(j)(z,xo,s) — G r (z,xo,s)]). (5.51) 

The integrand in the above integral equals to 

z~ 1 F r (z,x ,s)(p(z,xo,s) - G r (z,x ,s) 

= Z~ 1 F r (z, Xq, s)z l/2 - + Z Gn ( Z ' X 0' S ) _ G r (z,X ,s) 

F n (z,x ,s) 



y 



<z 



F r (z,x ,s)F n (z,xo,s) 1 + (F r (z,x ,s)G n (z,x ,s) 

- G r (z, x , s)F n (z, x , s))F n (z, x , s)" 1 

-^=F r (z,x ,s)F n (z,x ,sy 1 + }_ F nAz,xo,s) ^ 552 -j 
V z 2 F n (z,x ,s) 



40 



By QIlMD , (OH]) , and (1532]) . f^oT]) reads 

/ F n (z,x ,t r ) \ I ^ / y f ^^^^^^^ s )-i\ (5 53) 

On the other hand, the part of space variable in (|5.22p can be written as 

( F n (z,x,t) y/2 e sy [*m p u)F( j ur i\ (5 . 54) 
\F n (z,x ,t r )J \2yfz J XQ J 

which can be proved using the similar procedure to Lemma 3.2. Combining 
(j533|) with ([534]) yields (jOBj) . Evaluating pT4U|) at the points P and P* 
with noticing 

y(P) + y(P*) = 0, (5.55) 
leads to (j5.47j) . Hence, we have 

ip 2 (P, x, x Q ,t r ,t 0ir )tp2(P*,x, x ,t r , i , r ) 

= Z~ Vl (P, X, X , t r , t 0) r)<f>(P)ll)l (P*,X, X ,t r , t 0t r)(j)(P*) 



F n (z, Xo , ^0,r) F'ni, 2 , X,t T ") 

H n {z, x, t r ) 



(5.56) 



T/>l(P, X, X , t r , t ,r)lp2(P*, X, X Q ,t r , t Q) r) 

+ 1pl(P*, X, X ,t r , t , r )lp2(P, X, Xq, t r ,t , r ) 

= (<A(P) + 0(P*))^i(P)Vi(P*)A 1/2 

_ F n (z,x,t r ) 2zG n (z,x,t r ) / ,l/2 

F n (z, Xq, to,r) F n (z, X,t r ) 

= 2 ^G n (z,x,t r ) ^ 

F n (z,Xo,t ,r) 

1pl(P, X, Xo,t r ,t ,r)tp2(P*,X, X ,t r , i , r ) 

- lj)i(P*,X, XQ, t r , t , r )lp2(P, X, Xq, t r , t ,r) 

= (-<p(P) + 4>(p*))MP)MPl/z 1/2 



F n (z,x,t r ) -2zV 2 y 1/2 



F n (z, Xq, to,r) F n (z, X, t r ) 

2y 



F n (z,X ,to,r)' 



(5.58) 
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which are ([5T4"g]) - ([530] ). □ 



In analogy to Lemma 3.4, the dynamics of the zeros {/J>j(x, t r )} J=lj >n 
and {vj{x, i r )} J=lj n of F n (z, x, t r ) and H n (z, x, t r ) with respect to x and t r 
are described in terms of Dubrovin-type equations (see the following Lem- 
mas) . We assume that the affine part of IC n is nonsingular 

{E m } m =i,...,2n+i CC, E m / E m > for m^m', rn, m! = 1, . . . , 2n + 1. 

(5.59) 

Lemma 5.4 Assume that ([23]) . ([O]) , and (pTl]) ZioZd. 

(i) Suppose that the zeros {fJ-j(x, t r )}j=i,...,n of F n (z,x,t r ) remain dis- 
tinct for (x,t r ) £ where Cl^ C C 2 zs open and connected. Then, 
{/ij(x, t r )}j=i,...,n satisfy the system of differential equations 

(n - u xx )y{fij) A ! . 

[J>j,x = — ( v ' ||(A*j -A*fc) . J = l,...,n, (5.60) 

Mi 



Mi.tr = 7 _ x JL ||(/*j - W » j = 1, . . . , n, (5.61) 



k=l 



with initial conditions 

{frj{x ,t 0j r)}j=l,...,n G ^n, (5.62) 

/or some /ixed (xo,to,r) £ ^u- r/ie initial value problem (|5.6ip . (|5.62p /ias a 
unique solution satisfying 

fij eC°°(%,JC n ), j = l,...,n. (5.63) 

(ii) Suppose that the zeros {uj(x, ir)}j=i,...,n of H n (z,x,t r ) remain dis- 
tinct for (x, t r ) G £V> where Q u C C 2 is open and connected. Then {vj{x, £ r )}j=l,...,n 
satisfy the system of differential equations 

(u-u xx )y(pj) A . 
= 7 ; — TT=- I I W - ^fc) > j = 1, . . . , n, 5.64 



_ 2H r (vj)y{Pj 



Mi 



IJ^j-ffc) \ j = 1, . . . , n, (5.65) 
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with initial conditions 

{z>j(x ,to,r)}j=i,...,n e JC n , (5.66) 

for some fixed (xo,to r ) G O^. T/ie initial value problem (|5.65p . (|5.66p has a 
unique solution satisfying 

^r^g, j = l,...,n. (5.67) 

Proof. It suffices to focus on (I5,60p . (I5.6ip and (|5.63j) . since the proof 
procedure for (|5.64p . (|5.65p and (|5.67p is similar. 

The proof of (I5.60P has been given in Lemma 3.4. We just derive (15.6ip . 
Differentiating on both sides of (|5.6p with respect to t r yields 

n 

Fn,tr(H) = ~(«X ~ U )H,tr II ~ Mfc)- ( 5 ' 68 ) 

k=l 

On the other hand, inserting z = fij into (|5,38p and considering (|5.26p . we 
arrive at 

Fn^ifij) = 2G n (nj)F r ( H ) = 2^^F r (nj). (5.69) 

Combining (15.680 with (I5.69P leads to (|5.6ip . The smoothness assertion of 
(|5.63p is clear as long as ftj stays away from the branch points (E m ,0). In 
case jlj admits such a branch point, one can use the local chart around 
(E m , 0) (C = <t{z - Em) 1 / 2 , a = ±1) to verify (jOvSj) . □ 

Let us now present the independent trace formulas of the MCH hierar- 
chy, which are used to construct the algebro-geometric solutions u in section 
6. For simplicity, we just take the simplest case. 



Lemma 5.5 Assume that ()2.2[) . (j5.3[) . and (|5.4p hold. Then, we have 

2n+l 



-(it - u xx ){u 2 - u 2 x ) + -(it - u xx ) E m = (it - ita;)yj/ij, (5.70) 

m=l j = l 

I j 2n+l n 

-(« - u xx )(u 2 - u 2 x ) - -{u - u xx ) # m = -(it + it x )y~]^, (5.71) 

m=l j=l 

Proof. The proof is similar to the corresponding stationary case in Lemma 
3.5. □ 
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6 Time-dependent algebro-geometric solutions 

In this final section, we extend the results in section 4 from the stationary 
MCH hierarchy to the time-dependent case. In particular, we obtain Rie- 
mann theta function representations for the Baker-Akhiezer function, the 
meromorphic function 0, and the algebro-geometric solutions for the MCH 
hierarchy. 

Let us first consider the asymptotic properties of 4> in the time-dependent 
case. 

Lemma 6.1 Assume flZ2]), and ([53} hold. Let P = (z,y) E K, n \ 

{Poo,Po}, (x,t r ) E C 2 . Then, we have 

<t>(P) = —^—C 1 + 0(1), P^Poo, ( = z~\ (6.1) 
C->o u — u x 

<t>(P) = i( + 0(( 2 ), P^P , C = z 1/2 - (6-2) 

Proof. The proof is analogous to the corresponding stationary case in 
Lemma 4.1. □ 



Next, we study the properties of Abel map, which dose not linearize the 
divisor T>^ x ^ and "D{>f X) t r ) i n the time-dependent MCH hierarchy. This is 
the remarkable difference between the MCH hierarchy and other integrable 
systems such as KdV and AKNS hierarchies. For that purpose, we introduce 
some notations of symmetric functions. 

Let us define 



Sk = {L = (h,...,ln) E N fe | h < ■■■ < l k < n}, k = l,...,n, 
T k (j) = {l = (h, . . . ,l n ) E S k \ Im^j}, k = 1, ...,n - 1, j = 1, 

The symmetric functions are defined by 



and 



,n. 
(6.3) 



*o(/f) = l, * fc (M) = (-l) fc ^/Xi 1 --- Wfc , k = l,...,n, (6.4) 

zes fe 



$ fcV)= fc = l,...,n-l, j = l,...,n, ( 6 - 5 ) 
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where \x = ()Ui, . . . , /%) E C ra . The properties of ^(/x) and $jr^(^) can be 
found in Appendix E [12]. Here we freely use those relations. 
Moreover, for the MCH hierarchy we haveH 

r 

F r { H ) = (u x -u) Yl c s (I)$?2 s (m), 

s=(r-n)V0 
r rAn 

^r(Mi) = J] Cr-sFr^j) = (u x - u) ^ d~r,k(M)®k ) (/£)' r G N 0> 5 = 1, 
s=0 fc=0 

(6.6) 



where 



r— k 



d r ,k{E) = S ^2c r - k - s c s {E) k = 0, ... ,r An. (6.7) 

s=0 

Theorem 6.2 Assume that K, n is nonsingular and (|2.2p holds. 

(i) Suppose {(ij}j=i t ..., n satisfies the Dubrovin equations (|5.60p . (|5.6ip on 
and remain distinct and F r (fij) ^ /or (x,t r ) E where C C 2 is 

open and connected, and the associated divisor is defined by 

?W) e Sym"(/C n ), A = {Al, • • • , An} € Sym"(/C„). (6.8) 
Then, we have 



2 rAn 

^«q = ~ ( Yj dr,k{m k ( t (x, U))) c(l) 

n 

+ 2( i,n + l-l(l)c(0), (x.trjGfi^. (6.10) 

Z=lV(n+l-r) 

In particular, the Abel map dose not linearize the divisor T>^ xtr ^ on O^. 

(ii) Suppose that {%}j=i,...,n satisfies the Dubrovin equations (|5.64p . (|5.65p 
on and remain distinct and H r (yj) ^ /or (x,t r ) E 0^, where Q. v C C 2 
is open and connected, and the associated divisor is defined by 

V k{xM E Sym"(/C n ), £ = {fc, . . . , z>„} E Sym"(/C n ). (6.11) 



2 m An — min{m, n}, mVn = max{m, n} 
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Then, we have 

d x a Qo (V ul(xA) ) = ^_JL_ c(l), 6 (6.12) 

2 rAn 

^.aOo(%*,*r)) = - y n{u{X} tr)) ( E ^(1)^^. * r )))c(l) 

n 

+ 2( £ d rj „ +1 _i(l)c(Z)), (x,t r )G^. (6.13) 
i=lv(n+l-r) 

In particular, the Abel map dose not linearize the divisor D^^ ^ on 

Proof. It suffices to prove (|6.10f) . since the proof procedure is similar for 
(|6.13p . The proof for (|6.9p and (|6.12p has been given in the stationary 
context of Theorem 4.3. Let us first give a fundamental identity (E.17) [12] . 
that is, 

*k+i(/f) = M^fc ) (/£) + ^fc+i(/f). fe = 0,...,n-l, j = l,...,n. (6.14) 
Then, together with (|6.6p and (|4.18|) . we have 

W ( \ ''An 

( r _ J = ^fE^^^'w ( 6 - 15 ) 

■> m=0 
rAn 



Mj 1 ^ 4m(^)(/U^E-l(/f) + *m(M)) 



m=0 

rAn rAn ^(jf) / \ 

= £ - £ d;, m (^)^ m (M)^-p^. 

m=l m=0 — 

So, using ([US]), dSSU), (E.9), (E.25) and (E.26) p], we obtain 

fc-i 



9 tr{j2 = E^trE^) 

j=l J = l fe=l 



Mi 



1 ^ 



n/=i(^-w)v ^ - 

rAn 

+ £J r , m (l)^ ) _ 1 (/^)) 
m=l 
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rAn ^ / \ n n 

m=0 fc=lj=l 
rAn n n 

+2^d rjm (I)^^c(fc)(^ n (^)) &J (C/ n (^_ m+1 

m=l k=l j=l 

2 rAn rAn 

= -5TTT dr,m(I)*m(M)c(l) + 2 V d r , m (I)c(n - m + 1) 
— m=u m=l 
2 rAn n 

= -^-y^^^, m (f)^ m (^)c(l) + 2 ^ d r,n+l— m 

(E)c(m). 

nl/fj m= m=lv(n+l-r) 

(6.16) 

Therefore, we complete the proof of (|6.10p . □ 

The following result is a special form of Theorem 6.2, which provides the 
constraint condition to linearize the divisor T)^ xtr ^ and T>fjt x $ r \ associated 

with 4>(P,x,t r ). We recall the definitions of B_q and in f|4.22|) and 

Theorem 6.3 Assume that (|2.2p and i/ie statements of {fJ-j}j=i,...,n 
{^}j=i,...,n hi Theorem 6.2 ZioW. Then, 
(i) /or 0*j}j=l,...,nj we ^ e 

n rfij(x,t r ) y U — U 

d xJ2 = - , T , / / Tvi — > (Mr)€fyt» (6.17) 

f u-u xx n = 1 

dx/3(V a(xt )) = ! u *~ u ' ' (x,i r ) e 0„, (6.18) 

- 1^(0, ■■■,0,1), n>2, 1 rj 1 ' 



rAn 



= -^WM3)£^ (£) * t( ^ f ' )) 

+ 2^(^)5^^, (x,t r ) etlfj,, (6.19) 

r r r 

= 2(^2c r - s C s+ i- n (E), . . . , ^ Cr-aCg+l^), ^ Cr- S C S (E), j , 
s=0 s=0 s=0 

c_i(I) = 0, I e N, (i,t r )e!l )1 . (6.20) 
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(ii) for {vj}j=i,...,n> we have 

n l>Vj(x,t r ) 1 11—11 

^ = wtt n\~ T > (^ea,, ( 6 - 21 ) 

I —u+u xx _ 

(x,t r ) G fl 

n>2, 

(6.22) 



\^ a (o.---.o»i)» ™> 2 > 



rAn 



+ 2d r;n ( ; E)(5„ ir . Ari , (x,i r )e^, (6.23) 



r r r 

= 2 ( ^ Sr-sCs+i-njE), ■ ■ ■ i^Cr-sCj+l®)^^©,!, 

s=0 s=0 s=0 

c-i(E) = 0, I 6N, (x,t r )G^. (6.24) 

Proof. Equations (jfUTj) . (IBTTHll . (I63T1) . and (IB321 have been proved in 
the stationary case in Theorem 4.4. Equations (16.191) and (I6.20|) follows 
by (|6.16p through taking account into (E.9) [12]. Similarly, one can obtain 
(|fT23l and ([EM]). □. 



Motivated by Theorems 6.2 and 6.3, the change of variables 

1 u — U x ' x 
■ ^ n (n(x')) u x i - u 



X^X = \ X dx'( T /. 7TT" ~ — ) (6.25) 



and 

r t r „ o rAn 



/'' / 2 - ~ 

n /,-, 
-2 £ d r)ri+1 _ z (^)|^) (6.26) 
i=lV(n+l-r) ~ 

linearizes the Abel map Aqo^^ f r p> Mj"(^j*r) = Hj{x,t r ), j = l,...,n. 
The intricate relation between the variables (x,t r ) and (x,t r ) is detailedly 
studied in Theorem 6.4. 
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Next, we shall provide an explicit representation of (j) and u in terms of 
the Riemann theta function associated with JC n under the assumption of the 
afhne part of tC n being nonsingular. We still use n £ N for the remainder of 
this argument to avoid the trivial case n = 0. By f|4.26|) - (|4.35[) . one of the 
principal results reads as follows. 

Theorem 6.4 Suppose that the curve lC n is nonsingular, (|2.2[) . (|5.3p . and 
(15. 4j) hold on Q. Let P = (z, y) G K. n \ {Poo-, Pq}, t r ), (%0i to,r) G anc ^ 
^fi(x,t r )) or 'Dv(x,tr) ^ s nonspecial for (x,t r ) £ Cl, where SlCC 2 is open and 
connected. Then, cj) and u have the following representations 



, , e(z(P,Hx,t r )))0(z(Po,Mx,tr))) . , 
<p{P,x,t r ) = i — — — ^7i7 / ?-> ~/ — ^\ ex P( do 



9(z{P ,u{x,t r )))9(z(P,gx,t r ))) 

.oU(Po,Hx,t r )))e{ziPoo,Kx,t r ))) 

''0(z(Poc,K(x, t r )))e(z(P , ft(x, tr))) 



UJ 



(3) 

PooPo 



(6.27) 
(6.28) 



e(z(p ,[i(x,t r ))+ui) J 



ui=0 



X^ U \ . _ TT.f) In ( 0{z(Poc,,jl(x,tr))+LS) 



+ 1 



w=0 



Moreover, let ^j, j = 1, . . . ,n, be non-vanishing on fL Then, we have the 
following constraint 



dx' + 2(t r — to r ) 

u x t — u 



U — U r i T i 



dx' 



u Wl=i ^k{x',t, 



c r — s c s (E} 

rAn 



k=0 



*r ^fc(/j(XQ,s)) 

to, r *n(M^0,s)) 



ds 



* E 



-,(3) 



CO 



Cj (l) 



+ 2(t r — t ,r) dr,w+l-iC^) 

i=lV(n+l-Z) i=l 

'Oiz^Poo, p,(x,t r )))0(z(P o , p,(x ,to >r ))) 



~,(3) 

PcoPol^ 



UJ 



cM) 



+ In 



(rc,t r ), (x ,to,r) e O 



(6.29) 
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with 



i(Poo.AOMr)) = S Qo -^4q (Poo) + &Q (Vp,(x,tr)) 

(6.30) 

= Sq q - Aq (Poo) + aQ (^(*,to. r )) 



+ 2(t r -t ,r)( 4n+l-i(I)c(0J, (6-31) 

Z=lV(n+l-0 



and 



z(P ,fi(x,t r )) =E Qq - Aq (P ) + a Qo (P A(Xjir) ) 



(6.32) 

S Qo - Aq (Po) + aQ (%x,t ,r)) 

^ * fc ( M (s,s)) 



+ 2(t P -to, r )( ^,n+l-/(I)c(0)- (6-33) 

;=iv(n+i-0 

Proof. Let us first assume that /ij, j = l,...,re, are distinct and non- 
vanishing on Q and F r (p,j) 7^ on Q, j = 1, . . . , n, where C fi. Then, the 
representation (]6.27p for <p on Q follows by combining (|6,ip with (16. 2p . The 
representation (|6.28j) for won!] follows by the trace formulas (|5,70p . (15.711) 
and (F.89) [12] . In fact, since the proofs of (|6,27p and (|6.28p are identical to 
the corresponding stationary results in Theorem 4.5, which can be extended 
line by line to the time-dependent setting. Here we skip the details. 

Let us now turn to the relation (|6.29p . We first consider the time varia- 
tion part of (|6.29p . From (|6.20p . it is easy to see that 



3=1 JQo 3=1 



Qo 
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to,r j = i JQo 



nt r r 

= / " (2^c r ^ s c s (E)y s = 2(t r -to,r)J2 d r- s c s (E). (6.34) 
On the other hand, combining (|6.10p with (F.88) [12] yields 



j—l JQo j—i JQo 

j=i Ja J k=i J Qo k=i J Q° 

+ m / T7 r— — — m — 



j = l J a j J tQ.r k = l Qo 



+ In 



9(z(P , p,(xQ, t r )))9(z(Poo, fi(x , t r ))) 



A//" (3) \ f tr ( 2^ k (fi(x ,s)) ^ ~ ~ 

n 

Z=lV(n+l-Z) 

. ,'6{z{Poo,Kxq, t r )))0(z(P , fl(xo,to r))) ' 
+ 111 



0(lCP(b AC^O, *r)))^(l(-Poo, A(^0, *0,r))) - 



n n „ 

+ 2(t r -t , r ) d r , n+1 _ / (f)^( / wgpJc^O 

Z=lV(n+l-Z) J=l ^ 

/ 6>(z(P 00 ,^(x ,t r .)))6'(z(Po,^(a:o,to iT .))) \ 
The space variation part of (|6.29[) has been given in the stationary case in 
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(IQ91) and (|OD]> . that is, 



' f U-Ux> x i / (U-U x > x i 1 , , 

ax = — / ;— : — r \dx 



u x i-u J XQ \ u x > - u \\l =l Hk{x',t T 

n . 



X 

, / 6>(z(i 3 oo,Ma;,t r .)))6'(z(Po,^(3;o,t r ))) x 

n Uu(^,,A(x,tr)))»U(^oo,A(xo J *r)))/ 1 ' ' 

Hence, combining all of these three (|6.34|) . (|6.35|) and (|6.36p leads to (|6.29p . 
Equations (|6.30|) -(6.33) are valid from (|6.9p and (|6.10p . The extension of all 
results from x G CI to x G O simply follows by the continuity of «q and the 
hypothesis of P^fo o being nonspecial for □ 

Remark 6.5 ^4 closer look at Theorem 6.4 shows that (|6.30|) -(6.33) egua/ 
to 

i(Poo,A(aff*r)) = = Qo - Aq (Poo) + OQ (% a! ,t r )) ( 6 - 37 ) 
= S Qo -2 Qo (Poo) + OQ (%i 0l t r )) -c(l)(£ - x ) 

= S Qq - Aq (Poo) + OQ ( X) /iGM<>,r)) ~ ^(!)(^ - *0,r), 

and 

I(Jb, = l Qo - Aq {Po) + & Qo {-Dfi( x ,t r )) (6-38) 

= S Qo - ! Qo (P ) + a Qo {V^ (xihtr) ) - c(l)(5 - 5 ) 

= S Qo - I Qo (P ) + a Qo (P^,to,,)) - £(l)(*r - <o.r) 

6ased on f/ie changing of variables x \— > x and t r \— > t r in (16, 25ft and (16.261) . 
Hence, the Abel map linearizes the divisor T> p,( Xi t r ) on Cl with respect to x,t r . 
This fact reveals that the Abel map does not effect the linearization of the 
divisor T>^ x ^ in the time- dependent MCH case. 

Remark 6.6 The Abel map linearizes the divisor T>$r xt \ on Vl with respect 
to x,t r , and the change of variables is given by (|4.5ip and 



rtr , 2 rAn ~ 

t r ^t r = \ ds( T^y^d rik (Ill)y k (v(x,t r )) 

J \^ n {u{x,t r )) ^ ' 

.£(0 



2 Yl d r ,n+l-l(E)^-y (6.39) 

J=lV(n+l-r) ' 
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Remark 6.7 Remark 4.8 is applicable to the present time- dependent con- 
text. Moreover, in order to obtain the theta function representation ofipj, 
j = 1,2,, one can write F r in terms o/ ^(/i) in analogy to the stationary 
case studied in Remark 4.9. Here we skip the corresponding details. 

In analogy to Example 4.10, the special case n = is excluded in Theo- 
rem 6.4. Let us summarize it as follows. For simplicity, we just consider the 
elementary case n = 0, r = 0. 

Example 6.8 Suppose n = 0, r = 0, P = (z,y) G /Co \ {Poo,-Po}j and let 
(x, t r ), (xq, to,r) G C 2 . Then, we have 

/C : Jb(*,l/) = y 2 - fli(*0 = y 2 -(z-E 1 ) = E\ G C, 
u(x,i ) = ^i /2 , 

MCHo(u) = u to - Ua-Bt,, + 2-u^ - 2n xx = 0, 
F (z, x) = F (z, x) = f = u x - u, 
G (z,x) = G Q {z,x) = g = -1, 
H Q (z, x) = H (z, x) = h = u x + u, 

Z 1 / 2 y — Z U x + U 



{P,x,t ) 



u x -u z-V2 y +i' (6.40) 



/ tv + + \ ( f x f lu ~ u x'x' y- Vz\ , , 

ipi(P,x,xo,to,t ,o) = exp( / (- —jdx 

~- A Uq.1 U \J Z ' 



JXQ 

- l( x ~ x o) + [ ~l= ds \ 

ip 2 {P,x,xo,to,to,o) = exp / 7 ^-)dx 

Ux-u \ J Xo \2 U x t -u sJZ J 

^ ' x - Xq) + [ -^=ds). 



2 Jto,oV* 

The general solution o/MCHo(u) = ut — u xx t + 2u x — 2u xx = is given by 
u(x, t ) = a ie x+a2t ° + E\ /2 , oi, a 2 G C. (6.41) 

But, according to the condition d£u(x,t) G L°°(C), k G No, t G C in (|2.2p . 
we may conclude a\ = 0, and therefore derive u(x,to) = E± , which equals 
to the expression of u(x, to) in (|6,40p obtained from trace formula (|5.70p or 
(|5.7ip in the special case n = 0. 
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Let us end this section by providing another principle result about algebro- 
geometric initial value problem of the MCH hierarchy. We will show that the 
solvability of the Dubrovin equations (|5.60p and (|5.6ip on C C 2 in fact 
implies (|5.3p and (|5.4p on Q^. As pointed out in Remark 4.13, this amounts 
to solving the time-dependent algebro-geometric initial value problem (|5.1|) 
and (5.2) on Recalling definition of F r (fij) introduced in (|6.6p . then we 
may present the following result. 

Theorem 6.9 Assume that (|2,2p holds and {fij}j=i,... t n satisfies the Dubrovin 
equations (|5.60|) and (|5.61|) on and remain distinct and nonzero for 
(x,t r ) S fJ^, where il M C C 2 is open and connected. If F r (fj,j) in (|5.6ip 
are expressed in terms of [i^, k = 1, . . . , n by (|6.6p . then u £ C°°(r2 /J ) satis- 
fying 

- ^ 2n+l n 

- -(u - u xx )(u 2 - u 2 x ) + -(u - u xx ) ^ E m = (u- u x ) Hj (6.42) 

m=l i=l 

will also satisfy the rth MCH equation (|5.ip . i/iai is, 

MCH r (ti) = on n^, (6.43) 

with initial values satisfying the nth stationary MCH equation (5.2). 

Proof. Given the solutions jlj = (fij,y(jlj)) G C°°(f^, /C n ), j = 1, • • • , n of 
(|5.60|) and (|5.61|) . we introduce polynomials F n ,G n , and i7 n on fi^, which 
are exactly the same as in Theorem 4.11 in the stationary case 

n 

F n (z) = (u x -u)l[(z-fi j ), (6.44) 
(u - u xx )G n {z) = F n (z) + F n/X (z), (6.45) 

n 

H n {z) = {u x + u)\[{z-v 3 ), (6.46) 
i=i 

^G ! TJ , ja; (^) = --(u - u xx )H n {z) - - (u - u xx )F n (z), (6.47) 

= ( n " ^) G n(*) + (6-48) 
R2n+l(z) = zG 2 n (z) + F n (z)H n (z), (6.49) 



where i r is treated as a parameter. Hence, let us focus on the proof of (|5.ip . 
Let us denote the polynomial G r of degree r by 

2^ - "axrfj = F T)X (z) + F r (z) - (u - u xx )G r {z) on C x M . (6.50) 



54 



Next, we want to establish 

F nA (z) = 2(G n (z)F r (z) - F n (z)G r (z)) on C x fy,, (6.51) 
where F r (z) is defined on C x by 

r 

F r (z) = Cr-sF s (z), c = 1 (6.52) 

s=0 

with integration constants {c"i, . . . , c r } C C and 

s s—p 

F s (z) = K cp(l) 5Z ^s-i-p(n)z l . (6.53) 

p=0 Z=0 

To prove (|6"3Ij) . let 

F n (z) = (u-n^)- 1 ^^), (6.54) 

F r (z) = (u-ua*)- 1 ^.^), (6.55) 

on C x O^. A direct calculation shows that (16.511) is equivalent to 

F n>tr {z) = 2F r (z)F n>x (z) - 2F n (z)F r , x (z), (6.56) 

which is similar to that in the AKNS context [12J. So, (|6.56p holds due to 

(F.112) [H]. This in turn proves JIBT]) . 

Next, we denote the polynomial H r of degree r by 

11 

2G ria; (2) = --(«- u xx )H r [z) - -(u-u xx )F r (z) on C x $7^. (6.57) 

Then, differentiating on both sides of (6.45) with respect to t r and inserting 
(gTEED and dS3DJ), we have 

i^xt,. = -2{G n F T - F n G r ) + (u - u xx ) tr G n + (u - u xx )G n>tr (6.58) 
= 2F n G r + 2F r ^ x G n — 2{u — u xx )G r G n + (u — u xx )G n ^ r - 

On the other hand, taking the derivative on both sides of (|6,5ip with respect 
to x, and using (6.45), (6.47) and (16.57j) . we obtain 

Fn,t r x — ~^~^^nFr^ x ~\~ 2F n G r 2{u U xx )G r G n 

+z~ 1 (u - u xx )F n H r - z~ l (u - u xx )H n F r . (6.59) 
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Consequently, combining (|6.58p with (|6.59p we conclude 

zG nA (z) = F n (z)H r (z) - H n (z)F r (z) onCxH,. (6.60) 

Next, differentiating both sides of (6.49) with respect to t r , and inserting 
the expressions (I6.5ip and (]6.60p for F n> t r and G n ^ r , we have 

H n>tr (z) = 2(H n (z)G r (z)-G n (z)H r (z)) onCxfl^. (6.61) 

Finally, taking the derivative on both sides of f|6.60j) with respect to x, and 
inserting (6.45), (6.48) and (|6.50p for F n>x , H n ^ x and F r>x , we arrive at 

zG n ^ rX — (u u X x)G n H r F n H r -\- F n H rx (u u xx )G n F r 
1 

--(n - u xx )t r H n - (u - u xx )H n G r . (6.62) 

On the other hand, differentiating both sides of (6.47) with respect to t r , 
and using (I6.5ip and (|6.6ip for F n ^ r and H n> t T , we have 

1 1 ~ 

zG n;Xtr = --(u-u X x)t r H n - -(u-u xx )(2H n G r -2G n H r ) 

--(u - u X x)t r F n - -{u - u xx )(2G n F r - 2F n G r ). (6.63) 
Therefore, combining (|6.62p with (|6.63p yields 

- F n H r + F n H r , x = --(u- u xx )t r F n + {u- u X x)F n G r , (6.64) 
which implies 

- ~(u - u xx )t r = H T) x{z) - H r (z) - (u - Uxx)G r (z) on C x f^. (6.65) 

So, we proved (5.12)-(5.17) and (5.38)-(5.40) on C x and thus conclude 
that u satisfies the rth MCH equation (15. 1|) with initial values satisfying the 
nth stationary MCH equation (5.2) on C x J7 M . 

Remark 6.10 The result in Theorem 6.9 is presented in terms of u and 
{Hj}j=i. --,n, but of course one can provide the analogous result in terms of 
u and {fj}j=i r : ,n- 

The analog of Remark 4.13 directly extends to the current time-dependent 
MCH hierarchy. 
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